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1. INTRODUCTION

It is now well-known that the linear, time-invariant structure of the traditional coin-
tegration model is often too restrictive and simplistic for modeling purposes. In most
cases, even if a simple linear cointegrating relationship exists, it is unrealistic to assume
this is not subject to any changes over the time span in which the variables are recorded.
To address this issue, there is a large literature on parameter instability and time-varying
coefficient models, see e.g. Park and Hahn (1999), Cai et al. (2009) and Xiao (2009),
whilst Quintos and Phillips (1993) and Sun et al. (2008) considered the problem of test-
ing for parameter constancy. It is worth noting that despite the various modifications,
these models are linear in spirit.

An alternative to time-varying coefficient models are nonlinear models. Granger and
Terésvirta (1993) offers many empirical examples where nonlinear models are desirable.
Indeed, given the prevalence of nonlinear relationships in economics, it is expected that
nonlinear cointegration captures the features of many long-run relationships in a more
realistic manner. Typical non-linear cointegrationg regression model has the form

yr = fx) + €, t=1,2,...n, (1.1)
0
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where {¢;} is a zero mean equilibrium error, z; is a non-stationary regressor and f(-) is
an unknown function to be estimated with the observed data {y;, x;:}},.

With given observations (¢, ;) which may include non-stationary components, the is-
sues on the estimation and inference of the unknown f(-) have been becoming increasing
interests in past decade. In this regard, Phillips and Park (1998) studied nonparametric
autoregression in the context of a random walk. Karlsen and Thostheim (2001) and
Guerre (2004) studied nonparametric estimation for certain nonstationary processes in
the framework of recurrent Markov chains. Karlsen, et al. (2007) developed an asymp-
totic theory for nonparametric estimation of a time series regression equation involving
stochastically nonstationary time series. Karlsen, et al. (2007) address the function
estimation problem for a possibly nonlinear cointegrating relation, providing an asymp-
totic theory of estimation and inference for nonparametric forms of cointegration. Under
similar conditions and using related Markov chain methods, Schienle (2008) investigated
additive nonlinear versions of (1.1) and obtained a limit theory for nonparametric re-
gressions under smooth backfitting. More recently, Wang and Phillips (2009a, 2010) and
Cai, et al. (2009) considered an alternative treatment by making use of local time limit
theory and, instead of recurrent Markov chains, worked with partial sum representations
of the type z; = Z;Zl &; where ; is a general linear process. In another paper, Wang and
Phillips (2009b) considered the errors u; to be serially dependent and cross correlated
with the regressor x; for small lags. Other related current works, we refer to Kasparis
and Phillips (2009), Park and Phillips (1999, 2001), Bandi (2004), Gao, et al (2009a, b),
Choi and Saikkonen (2004, 2009) and Marmer (2008).

Whilst an extensive literature exists for the estimation theory of f(-), less attention has
been paid to studying the the error structure, which belongs to a subclass of stochastic
volatility processes. Just as it is unreasonable to assume the cointegrating relationship
remains linear and unchanged throughout time, the long-run equilibrium error is un-
likely to be homoskedastic over a long time span. It is well known that stock markets
have variances that change substantially with time, rendering them much more volatile
than many economic variables that can be used to explain their movements. In these
situations, it makes sense to incorporate time heterogeneity into error term and hence

motivates us to investigate the model (1.1) with error structure:
€ = o(x¢) Uy, (1.2)

where o(+) is a heterogeneity generating function (HGF) as called in Park (2002) and for

a filtration F; to which x4 is adapted, {u;, F;} forms a martingale difference.



NON-PARAMETRIC COINTEGRATING REGRESSION WITH NNH ERRORS 2

This incorporation idea is not new in stationary regression models. Various error
structures that generate heteroskedasticity can be found in e.g. Robinson (1987), Har-
vey and Robinson (1988) and Hansen (1995). On the nonstationary front, Kim and Park
(2010) investigated a linear cointegration model in which the conditional heteroskedas-
ticity of the error is generated by a smooth deterministic function of time. The error
process considered in this paper is known as a nonlinear nonstationary heteroskedastic
(NNH) process first proposed by Park (2002), where the author examined the asymptotic
behaviour of the sample statistics of NNH processes generated by integrable and asymp-
totically homogeneous functions and pointed out that NNH models offer an attractive
alternative to ARCH type volatility models because they not only demonstrate the de-
sirable properties of volatility clustering and leptokurtosis, which are common traits in
financial and economic series, but also allow for the possibility of explaining the source
of volatility in terms of economic variables. In the related works, the NNH error struc-
ture is incorporated into a stationary regression model and a linear cointegration model
by Chung and Park (2007). Without involving the cointegrating relationship, Han and
Park (2008) handled with the NNH model with an ARCH component, Han and Zhang
(2009) investigated the asymptotics for the kernel estimator of o(z).

The main purpose of the present paper is to estimate the HGF in the model given by
(1.1) and (1.2). We consider a kernel-type estimator ¢(z) of o(z). It is shown that &(x)
converges to o(z) in probability uniformly over a compact set, and limit distribution
is normal under appropriate normalization. New technical mechanisms are developed
to investigate the asymptotics for d(z). In particular, we establish uniform consistency
for the conventional kernel estimate of the unknown regression function and consider
the lower bound for a class of functionals of non-stationary data over a compact set.
These results are interesting in the right of themselves and will be useful in other related
research fields.

We finally remark that the two-step kernel-type estimator ¢(x) considered in this
paper is quite natural and simple. Our main result provides a theoretical framework
which allows the extension from the stationary time series to near I(1) process. Uniform
consistency is important not only in estimation theory, but also useful in other fields like
model specification testing. Existing studies mainly focus on the observations coming
from a stationary data set. A recent work in this regard can be found in Hansen (2008),
where readers can also find a sequence of the related references. Gao, Li and Tjostheim
(2010) currently investigated uninform consistency of non-parametric kernel estimators
for non-stationary time series. In their work, the authors considered the situation that

the regressor is a recurrent Markov chain, and assumed that the error term is independent
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of the regressor. The setting on the model in this paper is different. We consider a near
integrated process with innovations being a linear process, and we remove the restriction
on the independence between the regressor and the error terms.

The remaining of the paper is organized as follows. Section 2 explains the model
in more details and defines some variables that are central to our development of the
asymptotics. Section 3 outlines the asymptotic properties of the kernel estimator for
both f and o. Section 4 makes a conclusion. All the mathematical proofs are contained

in Section 5.

2. THE MODEL AND ASSUMPTIONS

To estimate the HGF o(z), we re-organize the model driven by (1.1) and (1.2) as
follows:

e = f(ze) +o(@) u, (2.1)
[ — f(@)]" = o2(x) + 0% (@) (u? — 1). (2.2)

As u2 — 1 may form a martingale difference, from the observations on z; and v, — f(z,),

2.
2.

where f(z) is the first stage estimate of f(z) in model (2.1), the conventional Kernel

estimate of o%(z) in model (2.2) is given by

5’2<I) _ Z?:l[yt - f(xt>]2K[(xt B I)/h]
>t Kl(ze — z)/h] ’

where K (x) is a nonnegative real function and the bandwidth parameter h = h,, — 0 as

(2.3)

n — oo.
The limit behavior of 6(x) depends on the choice of f (). The present paper adopts
the Nadaraya-Watson estimator defined by
5 L s K(zs —x)/h
o) - S Klies— 1) o4
> o1 Kl(xs — ) /h]
where the kernel K(z) and the bandwidth h are chosen to be the same as in (2.3) for

the technical convenience.

Throughout the paper, let {¢;,7 > 1} be a linear process defined by

&= breir (2.5)
k=0

where {¢;, —00 < j < oo} is a sequence of iid random variables with Eey = 0, Fej = 1
and characteristic function ¢(t) of ¢ satisfying [~ _[p(t)]dt < oco. The coefficients
Pk, k > 0, are assumed to satisfy > ;- |¢x] < 0o and ¢ = Y p- dr # 0. The absolute
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summable condition is commonly used literature. In the simplest case, it includes the
example in which z; is a random walk on iid random variables. We also use the following
assumptions in the asymptotic development.

Assumption 1. z; = px; 1+&, (xg =0), where p = 1+7/n with 7 being a constant.

Assumption 2. (i) {u;, F;,1 < t < n} is a martingale difference sequence sat-
isfying E(u?|Fi—1) = 1, E(u}|Fi—1) — A% as., where A> > 1 is a constant, and

SUP <y E(Jue|"| Fi—1) < 0o a.s. for some v > 1. (ii) ; is adapted to Fr_1, ¢t = 1,2, ..., n.

Assumption 3. The kernel K satisfies that [ K(s)ds = 1, K(-) has a compact
support and for any z,y € R,

|K(x) — K(y)| < Clz—yl,
where C' is a positive constant.

Assumption 4. For a compact set (2 C R, there exist real constants e > 0, 0 <
a, <1 and Cy,Cy > 0 such that, o(z) is non-negative and

f) = f@)] < Cly—al® loly) —o@)] < Coly— =],
for any z,y € Q,, where Q. = {y : |y — 2| < ¢, where z € Q}.

Assumption 1 allows for both non-stationary (7 = 0) and near non-stationary (7 # 0)
regressor, and is standard in the near integration regression framework. See, e.g., Phillips
(1987, 1988), Chan and Wei (1987) and Wang and Phillips (2009b).

Assumption 2 is standard as in the stationary situation in which we impose a mar-
tingale structure so that cov(usi1, ) = ElxiE(uwr | Fi)] = 0. The restrictions that
E(?|Fi_1) =1 and E(u}|F;_1) — A%, a.s., are required because of the model structure
(2.2). These restrictions are not necessary in the investigation of the asymptotics related
to f (x), even on the uniform convergence. In the later situation, we use a less restricted
Assumption 2*. See Theorem 3.2 in next section.

Assumption 3 is a standard condition on K (x) as in the stationary situation. The Lips-
chitz condition on K () is not necessary if we only investigate the point-wise asymptotics.
See Remark 3.3 for further details.

Assumption 4 requires a Lipschitz-type condition in a small neighborhood of the tar-
geted compact set for the functionals to be estimated. This condition is quite weak,
which may host a wide set of functionals. Typical examples include that f(x) = 6; +
Oz +...+0,2" 1 f(2) = at+B27; f(2) = 2(1+02) (2 2 0); f(z) = (a+Fe”)/(1+e").
o(z) can have the same form as in f(z), but we require that the x and the parameters
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are restricted on a space so that o(z) is non-negative. Also notice that Assumption 4
implies that

sup |f(z)] <oco and supo(x) < oo.

€N x€Qe

This fact will be repeatedly used in the proofs of main results without further explana-
tion.

3. MAIN RESULTS AND OUTLINE OF THE PROOFS

We have the following asymptotic results for the estimation of the HGF o(x) given
in the model (2.1) and (2.2). Except explicitly mentioned, we denote by [a] the integer

part of a positive constant a in the following.

Theorem 3.1. Under Assumptions 1-4, for any h satisfying h — 0 and nh?>T* — oo,
we have
sup|62(z) — o%(z)] = Op {(nh2+4/[u])—[V}/[Q(Q[V]+1)] i hmin{a,ﬁ}} 7 (3.1)
e

where ) is defined as in Assumption 4. Furthermore, if in addition u; are independent

of zy, then for any h satisfying nh?/log* n — oo and nh*+*min{2e:8} _
(T(2), Tulz2), - To()) —a N0, ), (32)

where z1, ..., zi, € ) all are different,

Tu(z) = { S K[ — 2)/h] } *(6%(2) — 0*(2))),

and

Y = diag{c*(z1),...,0"(z) } (A* = 1) /00 K?(s)ds.

Remark 3.1. The result (3.1) shows that 6*(z) is a consistent estimator of o2(x) uni-
formly over a compact set. If the error term u; is assumed to be bounded by a constant,
the restriction on the choice of h can be relazed and convergence rate in the result (3.1)
can be improved. Indeed, if in addition |us| < C, then for any h satisfying h — 0 and
nh?/log*n — oo,

sup |6%(z) — o*(z)] = Op [(nhQ)_l/4 logn + hmin{a”@}}. (3.3)

z€Q

The result (3.2) provides a distributional property of the estimator 6*(x), by imposing the
independence between u; and x;. Note that [72(x) mwvolves the cross terms in related to u;
and x, for all 1 < s < n (see (3.4) below) by through f(x;). It is not clear at the moment
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for how to provide an accurate estimation for these cross terms, which are required in

the investigation of distribution convergence, without the independence assumption.

Remark 3.2. To outline the essentials of the arguments in the proof of Theorem 5.1,
we split 6%(x) — o*(z) as
62(z) — o*(x)

> 00(@) (uf — 1) K[(z, — x)/h] N Yoy [0%(w1) — o*(x)] wi K[(z — x) /]
Z?  Kl(ze — ) /h] Z?:l K[(z; —x)/h]

Zt ((f (@) = f (@) K (e — 2) /B N 230 o(we)us(f (o) — f(ae)) K[(we — 2)/h]
Zt  Kl(ve — 2)/h] >y Kl(xe — x)/h]

When Iy, (x) is easy to handle with, the estimates of other terms over a compact set
requires new mechanisms. In particular, we need uniform asymptotics of f(x) on €.
for a small €. The result in this regards is presented in the following theorem, which is
interesting in itself.

The following assumption is weaker than Assumption 2.

Assumption 2*. (i) {us, F;, 1 <t < n} is a martingale difference sequence satisfying
SUP <y E(|ue[*|Fi1) < o0 as. for some integer p > 1. (ii) z; is adapted to Fy_y,
t=1,2,...n

Theorem 3.2. Under Assumptions 1, 2% 3 and 4, for any h satisfying h — 0 and

nh?t4? — o0, we have

sup ’f(l') _ f(a:)‘ — OP {(nh2+4/p) —p/[2(2p+1)] + hmin{a,ﬂ}} : (35)

ZBEQE

where Q). is defined as in Assumption 4. If in addition |u,| < C, then, for any h satisfying
h — 0 and nh*/log*n — oo,

sup | f(z) — f(z)| = Op {(nh?) " *logn + pmintefdy (3.6)

€,

Remark 3.3. A better result can be obtained if we are only interested in the point-
wise asymptotics for f(x). Indeed, as in Wang and Phillips (2009a, b) with minor
modification, we may show that, for each fived x € 2,

f(x) = f(x) = Op{(nh?)~/* 4 pmintefi1 (3.7)
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Furthermore f (x) has an asymptotic distribution that is mizing normal, under minor
additional conditions to Assumption 2*. More details are referred to Wang and Phillips
(2009a, b).

It is interesting to note that, in point-wise situation, the term h™™ 5 can be improved
if we put a bias term in the left hand of (3.7). It is not clear if there are similar properties

in related to uniform consistency.

Remark 3.4. [t is interesting to notice that, in stationary situation, the sharp rate of
convergence in (3.6) is Op|(logn/nh)'/?]. See Hansen (2008), for instance. There is
an essential difference for the rate of convergence between stationary and non-stationary
time series. The reason behind the difference is mainly because, in non-stationary case,
the amount of time spent by the process around any specific point is of order \/n rather
than n. More explanation can be found in Remark 3.8 of Wang and Phillips (2009a).

The proof of Theorem 3.2 is quite technical. For the sake of reading convenience, we

separate the key steps into the following propositions, which are interesting in themselves.

Proposition 3.1. Under Assumptions 1, 2* and 3, for any compact set Q* and h sat-

isfying h — 0 and nh*>T*? — oo,

2y W K(w — x)/N] 244/p\ ~P/22p+D)
sup == = Op|[(nh?+4/p (3.8)
MRS Kl Ot
If in addition |uj| < C and nh?/log'n — oo, the result (3.8) can be improved to

Sy~ el o] 9
Proposition 3.2. Under Assumptions 1 and 3, for any compact set Q2* and n > 0, there
exist ng > 0 and My > 0 such that, for all n > ng, M > My and h satisfying h — 0 and
nh?log ™ n — oo,

P(inf 3 Kl(w —x)/h] > Vah /M) > 17 (3.10)
t=1

Remark 3.5. Gao, Li and Tjostheim (2009) investigated a similar uninform consistency
as in Theorem 3.2 in the situation that the regressor x; is a recurrent Markov chain and
the error term uy is independent of x;. Not only the setting on the model, the techniques
used in the current paper are also different from Gao, Li and Tjostheim (2009). We
develop our own techniques by establishing the key result like (3.10). These key results
may be useful in other related fields. As in Gao, Li and Tjostheim (2009), it is possible

to extend our result from the compact set Q). to a range that |x| < T,,, where T,, — oc.
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However, this kind of extensions may require quite different techniques. Since Theorem

3.2 is enough for the purpose of this paper, we leave the extensions for future research.

4. CONCLUSION

In this paper, we consider a non-linear cointegrating regression model with non-linear
nonstationary heteroskedastic (NNH) error processes. A two-stage approach is proposed
to find an estimator 6 (z) of the heterogeneity generating function o(x). For a wide class
of o(x), it is shown that &(z) is consistent uniformly over a compact set and has an
asymptotic distribution that is normal under appropriate normalization. New technical
mechanisms are developed to investigate the asymptotics for 6(z). In particular, we
establish uniform consistency for the conventional kernel estimate of the unknown re-
gression function and consider the lower bound for a class of functionals of non-stationary
data over a compact set. These results are interesting in the right of themselves and will

be useful in other related research fields.

5. PROOFS OF MAIN RESULTS

This section provides proofs of the main results. We start with Proposition 3.2. The
techniques used in the proof of this proposition also provide some insights to other main
results. Throughout this section, we denote constants by C,C1, Cs, ..., which may be
different at each appearance.

Proof of Proposition 3.2. Without loss of generality, assume ¢y # 0. Otherwise
the proof follows from a routine modification. Let a < b be integers such that Q* C [a, 0]

and

y;=a+jb—am, ', j=01,2, .. m,, (5.1)

where m,, = [(nh?)Y*h=2]. Write F; = o(e,,s < t) for t > 1. Note that, for any M > 0,

n n

xleng E(K[(z; —x)/h] | F;y) < a;lenfg K|(z; — x)/h]

+ sup | > {K[(z —2)/h] = B(K[(xe —2)/B] | FL) Y, (5:2)

SN —
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and the second term in right hand of (5.2) is less than

n

. B (LC L LRl
+B(|K (e — ) /H] — Kl — y) /0] | Fo) b

S (Kl — )/~ E(Kl(r— /0] | 7))

4+ max
0<j<mn,

= )\171 + )\Zn.
It is readily seen from nh?log™*n — oo that (3.10) will follow if we prove

A, = Op[(nh2)1/4 log n}, (5.3)
Aon Op [(nh2)1/4 log n}, (5.4)

and for any n > 0, there exist ng > 0 and M, > 0 such that, for all n > ng and M > M,

n

P(inf > B(K((w =) /B | Fr) = vah /M) = 1=, (5.5)

To establish (5.3)-(5.5), we start with some preliminaries. First notice that

J

t t
v = Z pE = Z pt Z €Pj—i
j=1 j=1

=z} + x; + o €, (5.6)

where z; = 23:1 p=i 30 € depends only on (..., e 1, €) and

t J t—1 t—1
T, = Z p Z €iQj—i — Qo €0 = Zﬁi Z PTG
j=1 i=1 i=1  j=0

Write a;; = p'™* Z;;% p~¢; and &2 = 3] a;; = E(x})?. The result (7.14) in Wang
and Phillips (2009b) shows that a,; > eIl |¢|/4 whenever 1 < i < t/2 and t < n is
sufficiently large. This implies that d? =< ¢, where the notation a,, < b, denotes that there
exist constants c1, co > 0 such that ¢; < a, /b, < ¢o, and as in the proof of Corollary 2.2.
of Wang and Phillips (2009a),

/ |EBe? VN < C/ | BV d\ < oo, (5.7)

/ |Ee? @DV aN < C / | BV dA < oo, (5.8)

—00

uniformly for ¢ > 1. The results (5.7) and (5.8) imply that,



NON-PARAMETRIC COINTEGRATING REGRESSION WITH NNH ERRORS 10

F. 2,/v/t and (2 + 2})/\/t have densities v1,(x) and vy (z) respectively, and both

v1:(x) and ve () are uniformly bounded on t and x by a constant C.

See, e.g., Lukdcs (1970, Thm 3.2.2). Furthermore, by defining Zj =0if j <k,

s—1

L) =Eexp{ix Y egarg}, LAM)=FEexp{iY e (Aag—Aas,)}, (5.9)

q=1

for s < t, the same arguments as in the proof of Lemma 7.2 of Wang and Phillips (2009b)
yield that there exist 1,72 > 0 such that

e =9 if |\ > 1,

e 1N =s) f )| < 1,

L) < exp{—m#(Q) — 2B (M — ABy/By)?}, (5.11)

where €2 (€3, respectively) denotes the set of 1 < ¢ < s/2 such that [Aa;, — A\ asy| > 1
(|Aarq — A1 asq| < 1, respectively), and

E asq and By = E At qCs q-

qefls qEN2

Li(N) (5.10)

Note that Q; + 3 = s/2 and recall that a,, > e~I"l|¢|/4 for all sufficiently large s. It
is readily seen from (5.11) that

L\ A) < 6—71\/51(#(91)2\/5) +6_’YéS(Al—)\BQ/Bl)QI(#(Ql)S\/g)’ (5.12)

for some ~' > 0.

We are now ready to prove (5.3)-(5.5).

Start with (5.3). Recall that K (x) has a compact support. Without loss of generality,
suppose K () = 0 when x ¢ [c,d]. Since x;/+/t has a uniformly bounded density vy, (z)
by the fact F, it is readily seen from Assumption 3 that

n

EM, < 2) F max sup  |K[(z — z)/h) — K[(z; — y;)/h]|

=1 CSISmnloely; i)

< 22/ oI, S |K[(Vty —2)/h] = K[(Vty = y;)/ B |[pe(y)dy
> o K (y = z/h) = K(y = y;/D)[e(yh/t)

< 2 —/ max sup |K(y—x/h) — K(y —y;/h)|vi(yh/t)dy
Vol nete) 0SIEmn L ey, 0] !

< C Z ﬁ pmax [y = )

< C\/ﬁmnlh‘ < C (nh*)Y*, (5.13)
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Hence, P(\, > (nh?)Y*logn) < C/logn, which yields the required (5.3).
To prove (5.4), write Z;; = K[(z¢ — y;)/h] — E(K[(z¢ — y;)/h] | Fi_,). We first claim
that

omax D B(Zi | Fila) < 2) max B(KC[(x—yy)/h} | Fia)
= Op(V/nh). (5.14)

In fact, by recalling that ffooo |Eet“o|dt < oo, the ¢gey has a density, say, d(z). This,
together with (5.6) and the independence between €, and z1; = z} + 2}, yields that
sugllz) E(K*[(xz;—z)/h] | F/,) < C / K[(z1 +y)/h] Sué) d(y + ) dy. (5.15)
xed* —00 ze)*

Hence, by noting

e}

ER[(zy + 1)/h] = /_ K (sv/E/h + y/B)va(s)ds < ChJVE,

uniformly on y € R because of the fact F, it follows that
E[ max Z E(Z, | ]-t*_l)] < 2 Z / EK|[(z1: +y)/h] sup d(y + ) dy

0<j<mn zeQ*

< Ch Zt—W < Cy\/nh, (5.16)

where we have used the fact that f SUP,cq- d(y + ) dy < oo, as (2* is a compact set.
The claim (5.14) follows from (5.16) by Markov’s inequality..
By virtue of (5.14), it follows from |Z;;| < C, nh*log™*n — oo and an exponential

inequality for martingale given by de la Pena (1999) that, for any 0 < 6 < 1,

P(Asn > (v/nh)!?logn)

P|:A2n > (v/nh)?logn, [ ax E(Z}, | Ffy) < /nh log® n] +o(1)

<j<mp

IN

IN

ZP[Z > (v/nh)?logn, ZE 2 F) <\/ﬁhlog‘5n}+o(1)

hlog®n
< C(nh*)"*h™? exp{ — vin +o(1
S w 2y/nhlog’ n 4 C(y/nh)/2 logn} o)

< C(nh®)Y*h2e Crlos" ™ n 4 o(1) = o(1), (5.17)

which implies the required (5.4).



NON-PARAMETRIC COINTEGRATING REGRESSION WITH NNH ERRORS 12

The proof of (5.5) is more laborious. First note that, as in the proof of (5.15),

i (Kl —2)/] | 7)) = inf [ Koy — )/ dy

TeN* rEN*
> / K[(zy +y)/h] inf d(y+ z)dy,
ly|<A4o e

where Ag is a constant chosen such that I := f‘ inf,eq d(y + x) dy > 0. Since

y|<Ao

n

P(inf >  E(K[(w —2)/h) | Fi_y) = vnh /M) > P(Ty > v/nh /M),

where

n

r, = / K{(z +y)/h] inf d(y+ ) dy,
ly|<Ao ; zeQ

(5.5) will follow if we prove
L'y
N
where I' is a random variable satisfying P(I' > 0) = 1. To prove (5.18), we first assume
that

—p T, (5.18)

Con:  K(z) is continuous and K (z) has a compact support,
where K (z) = [* e™ K (t)dt. (5.19)

This restriction will be removed later. Under condition (5.19), we have K () = 5= [ e K (—N\)dA.
This implies that, for each A > 0,

lyl<4o reQ

= I'ipa +Topa, (520)

where, with ¢, = \/n/h,

1 — , .

Viga = / TNV (X e, )dA,
[A[=A

2
T Cn =

n

1

2
T Cn

Vaya / @DV (X e, )dA
[A|<A
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Recall that 0 < I = flylSAO infeq-d(y + ) dy < [inf,eq-d(y + ) dy < oo, since Q* is
a compact set. It is readily seen that, to prove (5.18), it suffices to show that

sup E|Viyal = o(v/nh), (5.21)

ly|<Ao

and on a richer probability space which also holds a standard Brownian motion W (t)
such that

‘/QyA 1

sup — —Lg(1,0)] = op(1), 5.22
sup [ 25— S LoL0)] = op(1) (522)
as n — oo first and then A — oo, where G(t) = W (t) + & fot e"t=)W (s)ds and Lg(r, )

is a local time of the Gaussian process G(t) expressed as

1 [~ _ b
Lg(t,z) = —/ e“”“”/ MY ds du. (5.23)
—00 0

21

Here and below the right hand of (5.23) is understood as a limitation in Ly of LY (¢, ),

as N — oo, defined as
LN t .Z’ / —zux/ wG(s) ds du.

The process {L(t,s),t > 0,s € R} is said to be the local time of a measurable process
{¢(t),t > 0} if, for any locally integrable function 7'(x),

/OtT[C(s)]ds = /OO T(s)L¢(t,s)ds, allteR, (5.24)

with probability one. For more details in these regards, we refer to Berman (1969).

By recalling x1; = :c;‘ + x} and the independence between z; and z}, we have that
2 Ch2 i(Az1e—A1215) /v
EVial” < (=M |K (=i /ca)| | Ee DIV AN dN
e 1 IA[>A )\1|>A

n

IN

h2
on / / (=M e | K (=M /cn) y\EeWt M) /f}dAdAl
oo A >\1|>A

Sl AN
L [ MG [ (e T i,
(5.25)

IN
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where [1(s) and I(s,t) are defined as in (5.9). It follows from (5.12) that

AN
K cn)|dA
/)\1>A (\/— \/_)’ (Zh/en)lddn
eNVE / |K (= /cn)|dM + C / e/

IN

< C [cne_“\/g + (n/s)l/ﬂ .

It follows from (5.10) that

L (
[A]>A

< et |K(=A/ca)|dA + C / =N (t=9)/n )
[A>vn A< <V

< C[Cne—'yl(t—s)_i_/ e—»YQA?(t—s)/nd)\].
A<MV

)\K( Aen)ldA

3\

Taking these estimates into (5.25), simple calculations show that

2 N
sup E|‘/iyA|2 < % Z |:Cn6—’71(t—5)_+_/ 6—’72>\2(t—s)/nd)\i|
0 A<V

rEWw* n
t—s=

n

Z [cne_“\/g + (n/s)l/ﬂ

Ch? [cn—i— / Z e—WA“t—S)/"dA]
A<DISVE

1
< C+v/nh+ nh? / / e 12N d dA
=4 Jo

= o(nh?),

IA

as n — oo first and then A — oo, which yields the required (5.21).
To establish (5.22), first notice that {¢;, j € Z} can be redefined on a richer probability
space which also holds a standard Brownian motion W (¢) such that
SUp |Zpgn — G(t)] = op(1). (5.26)
0<t<1
where zp, = zr/(v/n¢) and G(t) = W(t) + & f(f "= (s)ds. Indeed, on a richer
probability space,
[nt]

sup \/_Z€J Wi(t |—0p

0<t<1
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See, e.g., Csorgd and Révész (1981). Using this result in replacement of the fact that
\/iﬁ Zgnzt]l e; = W(t) on D0, 1], the same technique as in the proof of Phillips (1987) [also
see Chan and Wei (1987)] yields that

0<t<1

[nt]
1 o
sup |% E p[ t] ]Ej —G(t)| = Op(l).
i=1

The result (5.26) can now be obtained by the same argument, with minor modifications,
as in the proof of Proposition 7.1 in Wang and Phillips (2009b). On the other hand,

simple calculations show that

sup ‘ei’\y/\/ﬁf((—)\/cn) - K(0)| =o(1)
[AI<A,ly|<Ao

as ¢, — o0o. This, together with (5.26) and the fact that I'y,4 can be rewritten as

Lopa 1 A/ T A
—= = — NIV (=N ¢cy) AP )\
Vnh 21 Jix<a fen) Z
1 , - L
= — e“\y/\/ﬁK(—)\/cn)/ AT (nn dt d\
2m [A|<A 0

yields that, for any A > 0,

2 1
su | V2yA . K(()) / / ei)\qu(t)dt d)\|
\y|<Ao Vnh 27 |Al<a Jo

, . K
< C sup |e“\y/‘/ﬁK(—>\/cn)— | |/ / ‘”\‘b 2ain=G0) _ 1| dtd\
[A<A,[ylo [A|<A
< o(1) + O(1) sup |xpy. — G(t)| = op(1).
0<t<1

This proves (5.22) since K(0) = [ K(z)dx = 1 and

1
| [ eresvain—p oo [ [ eretiar=Sra0.0)
IA|<A ¢

by the expression (5.23).

Finally, we remove the restriction (5.19). This only need to notice that, for any € > 0,
there exist Kj (z) and Kj (z) such that Kj () < K(z) < Kj (z), both K (z) and
K, (x) satisfy (5.19), [* (|Ky (x)| + |K5, (x)])dz < co and

/OO [Kf(2) — K (2)]de < e. (5.27)

o0

The constructions of K () and Kj () are similar to the proof of Theorem 4.2.1 in
Borodin and Ibragimov (1995). We omit the details.
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This completes the proof of (5.5), and hence also for Proposition 3.2. O

Proof of Proposition 3.1. By virtue of (3.10), it only need to prove that

sup > ug K[(z, — 2)/h] = Op [(nh?) 750 b~ 51, (5.28)

reN* i—1

and if addition |u| < C, then, for some 6 > 0,
sup Z u K[(zy — x)/h] = 0p[(ﬂh2)1/4 log! ™ nl. (5.29)
To prove (5.28), we adopt the same partition as in (5.1), but with
My, = [(nh?) @0 @),
It follows that

sup|Zut xt—x/hH

reQ*

max sup Z A }K[(:Et —x)/h| — K[(z; — y])/hH

IA

0<j<mn—1 x€lyY;,yj+1] t=1
TN, |Z e Kl = y) /]
o (5.30)

Recall that z, is adapted to F,_; and sup;,<,, E(|u¢| | Fi—1) < oo. As in the proof of

(5.13), we have

EXs, < sup E(|lu| | Fi-1) E  max su K|(zy —z)/h] — K|(z: — y;)/h
w S Y Bl | Fo) £ s sup Ko )/ = Ko=)/

< Cvnm,'ht. (5.31)
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Under E|us|* < oo, the well-known martingale moment inequality yields that

E)\Zfl < ZE‘Zut (xr — ) /h]‘%7

7=0 t=1

< ch{Zsz_%)/h]}P
< C’mnoér]%)én{ZK x —y;)/h] + Z K(zs —y;)/h] K[(z: — y;)/h]

1<s<t<n

+ Y Kl —yy)/B K[, — )/ K (2, — yj)/h]}, (5.32)
1<t <to<..<tp<n
where we have used K(x) < C. Note that, given on Fy, (z; — z5)/+/t — s has a density
hs+(x) which is uniformly bounded by a constant C. See the proof of Proposition 7.2
of Wang and Phillips (2009b, page 1934 there). Simple calculations show that, for
l<j=<p,

E{K[(xtj - y])/h] ‘ ftj—l} = /Oo K[\/ tj - tjfly/h + (a:tj—l - yj)/h]htjA,tj (y)dy
/hldy

S \/7/ Ky+ xt] 1_yj)
< Cih/\/tj —tj1.

Taking his estimate into (5.32) and using the conditional arguments repeatedly, we obtain

EXP < Cmn{z\/_—i- > \/_\/1_

1<s<t<n

+ Z h? 1 1 }
1<t <t2<...<tp<n \/%1 v t2 - tl \% tp - tp*l
< Cm, (nh2)p/2, (5.33)
as nh? — oo. It follows from (5.31) and (5.33) that
Aan + M = Op[v/nmy'h™" + ml/ () (nh2)1/4] = Op|[(nh?)? oD B 2p+1]’

which yields (5.28).
The proof of (5.29) is similar to (5.28), but with

o [(nh?)l/‘*h_q

10g175/2 n



NON-PARAMETRIC COINTEGRATING REGRESSION WITH NNH ERRORS 18
In this case, we still have (5.30), and by (5.31)
Asn = Op(vnmy,'h™") = op[(nh?)"/* log' *n].
So it only need to prove, for any 0 < § < 1,
P\, > (nh?)'/* log! =9/ n] — 0. (5.34)

This follows from the same arguments as in the proof of (5.17). In fact, as in (5.16), we

have

E{ max ZKQ[(wt—yj)/h]} < E[ max s E(KQ[(mt_yj)/h]|ft*—1)]

0<j<mpy 0<j<mpy, —1
< Cvnh,
which implies that
max K?(z; — y;)/h] = Op(y/n h). (5.35)

0<j<mn

Hence, by recalling nh?/log* n — oo,

P\ > (vVnh)Y?1og! =2 n)

< P[AM > ((Vh)?10g' =", max Z K¥[(z: — y;)/h] < v/nhlog®? ]+o(1)
< ZP[Z% —y;)/h] = (Vah) Y2 log =2 n

Z K[, — y5)/h] < vahlog"? 5] + o(1)
< myexp{ - Villog” b+ o(1) = of1),

2y/nhlog®*n + C(y/nh)/21og' =% n
which yields (5.34). O

Proof of Theorem 3.2. We may write f(z) — f(z) as
i) — o) = e 0@uK((@ = 2)/h] 3L [olw) - o@)]u K@ — 2)/h]
F = I = S R - a7 S Kl(e— 2)/7)
2 (@) = fl@)] K(w: — 2)/h]
2 [(ﬂft—w)/h]
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It follows from (3.8) that

sup |01, (x)] = OP[(nh2+4/p)_p/[2(2p+1)]}’
€N

since sup,ecq, |o(x)] < C, by Assumption 4. Note that, for any = € ), there exists a
Co > 0 such that K[(z; —x)/h] = 0 if |z; — x| > hCj. It is readily seen from Assumption
4 that, whenever n is sufficiently large,
CyL Y7 —z|* K[(xy — x)/h
sup |@3n(x)| < 1 Zt:lixt l’| [(‘/L‘t I)/ ]
e, 21 Kl(2e — ) /h]

Similarly, by noting that |u;] — E(Ju¢| | Fi—1) forms a martingale difference satisfying

< Ch*.

Assumption 2*, we have

sup |Oa,(2)] < ChHP Yory || K[(zy — ) /A

= vetr o K[(x, — 2)/h)
S [l = B(jug| | Fiet)] K (e — 2) /1)
< OW {sup Bl | Fod) + sup S Kl — o)) }
< C1h°. (5.37)

Taking these estimates into (5.36), we derive (3.5). The proof of (3.6) is similar except
using (3.9) instead of (3.8). We omit the details. O

Proof of Theorem 3.1. First for (3.1), which is similar to that of (3.5). We still use
the decomposition in the (3.4). Recall sup; <, E(|uf|*"|F,_1) < oo a.s., where [v] > 1.
It follows from (3.8) that

sup [Iin(z)] = Op [(nh2+4/[,,])—[u}/[2(2[u]+1)} ]7
e
since sup,cq, |0(x)] < C, by Assumption 4. Since Assumption 4 also implies that, for
any x,y € €,
0% (y) — o*(@)] < 2lo(y) — o()] sup |o(z)] < Cly - x|,
xrelile
similarly to the estimate of (5.37), we have

<1 - 8 Z?:l u? K{(z; — x)/h] _ 8
xegHQn( ) < Ch S RK{(e —2)/h] Op(h?). (5.38)
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Note that h — 0 and, for any = € Q, there exists a Cy > 0 such that K|[(x; —x)/h] = 0 if
|z, — x| > hCy. This, together with (3.5), implies that, whenever n is sufficiently large,

sup [Isa ()] < C sup |f(x) — f(2)]’

e €N,

— Op {(nh2+4/[u])—[v}/(2[v}+1) n h2min{a,[3}}‘ (5.39)

Similarly, we have

: > i [ue K[(z — @) /1]

_ OP {(nh2+4/[u}>*[V]/[2(2[V}+1)] 5;1 + hmin{a,ﬁ}} ) (540)

Taking these estimates into (3.4), we obtain the required (3.1).
We next prove (3.2), and to do so by showing

k
Z b Tn(z;) —a N(0,07), (5.41)
=1
for any (by,...,b;) € R¥, where o7 = (A? — 1) [7° K?(u)du Z?Zl b?0*(z;). Define

An(x) =) K[(w, —2)/h],  Zu(z) = o (@) K[(x; — 2)/h]A; 2 (2)

and Yy = 371 b Zui(z;). Recall (3.4). We may write

k n k
Y obiTu(z) = Y (= 1) Y+ > b AV (2) [Lan(2) + Isn(2) + Lin(2)].
=1 t=1 j=1
Recall (5.35), that is, A,(xz) = Op(y/nh) for each fixed x € Q. The result (5.41) will

follow if we prove

n

> (uf = 1) Yy —4 N(0,0%) (5.42)
t=1
and for each fixed = € (Q,
Lin(x) = op[(nk?®)™Y], j=2,3, 4 (5.43)

First prove (5.42). Write F,; = o(uq,...,u;, 21, ...,2,),1 < j < n. Recalling that w,
is independent of x, it is readily seen that F,; C F, ;i1 for 1 < j < n,n > 1, and
{(u? = 1) Yoy, Frt 11, forms a martingale difference sequence. By the classical martingale
limit theorem (see, e.g., Corollary 3.1 of Hall and Heyde (1980)), it suffices to show that,
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for any v > 1

S Yl —p 0, (5.44)
t=1

and

n

Z E[(u} —1)? | Foa] —p of (5.45)

Note that inf,cq A, (x) = 0p(1) by (3.10). The proof of (5.44) is simple. Indeed it is
readily seen that

n k n
SVl < O 1 Zulz)™
=1 j=1 t=1
k n
< O o)A, () Y Kl — 2)/h)
=1 t=1
k
< Gy ) ANY(z) = op(1),
j=1

which yields (5.44).
In order to prove (5.45), first notice that, for any a, b and 1 < j <k,

% S {a K(w — 2)/h] + b K?[(z — z) /M)

o / " oK (2) + b ()] d La(1,0),

o0

by Proposition 7.2 of Wang and Phillips (2009b)'. This implies that (recalling [ K (z)dz =
1)

(o X Kl s/, o 3 = )}
. {LG<1,0>,/_OO K?(:c)deG(Lo)},

and hence by the continuous mapping theorem,

Doie 1K2[(5Ut_zy /h 2
thl K[(x, — Zj )/h] / KX

'Proposition 7.2 of Wang and Phillips (2009b) requires . |K(t)|dt < oo, where K(t) =

fix;o e K (x)dz. But this condition is only used in the proof of tightness, not for the finite dimen-
sional distribution convergence.
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On the other hand, for fixed z; # z;, we have
K[(z¢ = 2) /h]K[(x: — 2;)/h] = 0,

whenever n is sufficiently large, as K(x) has a compact support. Simple calculations
show that

n k n
v o= 25?04(21‘)A51(2j)ZK2[(It—Zj)/h]

420> bibo?(2)0® () A 2 (2) A2 () > Kl — z) [BE (2, — 25) /1]

1<i<j<k t=1
) k

—p / K?*(z)dx Zb§a4(zj). (5.46)
oo =

This, together with the fact that
E[(uf —1)* | Fia] = B[y} | Foor] — 1 —as A% =1,

yields (5.45). The proof of (5.42) is now complete.
We next prove (5.43). The result (5.43) with j = 2 follows from (5.38) and nh?+4% — 0.
To prove (5.43) with j = 3 and 4, for x € Q, write

Aw(@) = Y (flxe) = fa)*K(z, — x)/h], (5.47)

Aogn(r) = o(we)ur(f () = f(e)) K[ (= x) /). (5.48)

o~ o~
HM: HM:
= =

We may rewrite Ag,(x) as

Aogn(w) = Z us g 0/(2)0 (20) A (@) K[ — ) /B K[(2, — 2) /1]

HI(0) Y ud o () A () K (2, — 2)/h]

+ Z up o (we) [f(2s) = f(20)] AL (@) K[(ws — 2¢) (W] K [(2 — @) /]

= Aoni(z) + Aogpa() + Agps(x), say. (5.49)
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Let E, = I{infyeq- Y 1, K[(z; — z)/h] > /nh /M}, where M > Mj is chosen as in
(3.10). Note that, for z € Q,

K[(xs - xt)/h]K[(xt - .Z')/h] = 0, (550)

if |z, — x| > Coh or |xg — x| > Coh for some Cy > 0. By virtue of the independence

between u; and xy, it is readily seen that, there exists € > 0 such that

E{A2n1 n} = {Hn Z U2 2 2 (It) AE2($t)K2[($s - xt)/h]KQ[(xt - x)/h]}

s,t=1
s#t

< C sup o )B {2, 30 AT @) K¥l(a— /0]

r€Qe i—1

< CM

whenever n is sufficiently large. By virtue of this fact and (3.10), for any n > 0, there
exists a My > 0 such that for M > M,,

Ain (ZL‘)
An()

——F ZKQ z; —x)/h] < O/ M (5.51)

P > (nh*)~H*/M]

< P{xleng* K|(zy — z)/h] < v/nh /M } +

C’1M2
< e
= 52(nh2)1/2’

which yields Aj:tg) = op[(nh?)~/4]. Similarly, AQ:—?()) = op[(nh?)~Y/1]. As for Ag,s3(7),

it follows from (5.50) and Assumption 4 that

M
h2 1/2E{A2n1 “n}

(5.52)

EAY (@) = {Zu (@) K2 [(0 — o) B

n

(Y1) — P — /1) )

s=1
s#t

< Csupo’(x) > E Y K*[(x, — x)/h]

ZBGQe t=1

< Cyy/nhtte. (5.53)
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Similar to the proof of (5.52) we have Aﬁz?g) = op|[(nh?)~1/4], since h — 0. Taking these

estimates into (5.49), we proves

Iy, = = /4
4n A n<x) OP[(nh ) ]
It is quite similar to show that
A () 2\—1
3n A n(x) OP[(nh ) ]

Indeed, we may rewrite Ay, (x) as

Aua Z A )/ (1) — PGy —2)/n])

+ Z A2 (2y) K[(x; — x)/h] (Z o(xs)us K[(xs — :Ut)/h]>2
= Ap(x) + Appe(z). (5.54)

It follows from the similar arguments as in (5.53) that

Apa(e) < O Y Kl(w, —x)/h] = Op(vah'***) = op[(nh*)'/*],

t=1

whenever nh?*8* — 0, which yields AL?S) pl(nh?)~1/4]. Note that, as in (5.51),

n

E{A2(2)E,} = E {En Z o (ws)u2 AP () K[(2s — 1) /B K [(x; — ) /R }

s, t=1
s#t

< C supo’(z {“"ZA (1)K xt—x)/h]}

€N,

< CM.

As in the proof of (5.52), we have AAl (i)) = op[(nh?)~Y/4]. Taking these estimates into
(5.54), we obtain the required I3,(x) = AAQ:—%S) = op[(nh?)~Y/4]. The proof of (5.43) is

now complete, and hence that of Theorem 3.1. [
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