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NUMERICAL METHOD AND ERROR ESTIMATE FOR STOCHASTIC
LANDAU-LIFSHITZ-BLOCH EQUATION

BEN GOLDYS, CHUNXI JIAO, AND KIM-NGAN LE

ABSTRACT. In this paper we study numerical methods for solving a system of quasilinear stochas-
tic partial differential equations known as the stochastic Landau-Lifshitz-Bloch (LLB) equation on a
bounded domain in R? for d = 1,2. Our main results are estimates of the rate of convergence of the
Finite Element Method to the solutions of stochastic LLB. To overcome the lack of regularity of the so-
lution in the case d = 2, we propose a Finite Element scheme for a regularised version of the equation.
We then obtain error estimates of numerical solutions and for the solution of the regularised equation
as well as the rate of convergence of this solution to the solution of the stochastic LLB equation. As a
consequence, the convergence in probability of the approximate solutions to the solution of the stochas-
tic LLB equation is derived. To the best of our knowledge this is the first result on error estimates for a
system of stochastic quasilinear partial differential equations. A stronger result is obtained in the case
d =1 due to a new regularity result for the LLB equation which allows us to avoid regularisation.
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1. INTRODUCTION

The Landau-Lifshitz-Bloch (LLB) equation (1.1) is a model overcoming a significant limitation of
standard models of magnetisation (such as Landau-Lifshitz equation) which are valid only at tem-
peratures close to the Curie point. Mathematical analysis of this equation was initiated in [6]. A
stochastic version of the LLB equation was introduced in physics papers [5], [8]. In those works a de-
terministic version of equation (1.1) was modified in order to incorporate random fluctuations into the
dynamics of the magnetisation and to describe noise-induced transitions between equilibrium states
of the ferromagnet.

The stochastic LLB equation was studied in [2], where the existence of strong (in the sense of PDEs)
martingale solutions was proved for domains in R, d = 1,2,3. Furthermore, uniqueness of pathwise
solutions and the existence of invariant measures is obtained in cases d = 1,2. A similar result on the
existence of martingale solution on 3 dimensional domains is also obtained in [7].

Let D C R?, d = 1,2, be an open bounded domain and let m : [0, T] x D — R? denote the magnetisation
vector. Let us note that contrary to the case of the Landau-Lifschitz-Gilbert equation m need not take
values in the unit sphere, hence the control of the size of u is not automatically assured. When the
temperature exceeds the Curie temperature, the stochastic LLB equation has the form

(1.1) dm = (KjAm—+ym x Am — 1(1 —i—,u\m|2)m) dt + Z (K1gk + ym x gi) o dWy,
k=1

with initial condition m(0) = my € H' and homogeneous Neumann boundary condition. The constants
Ki, K2, Y, 1 > 0 and {W; }, is a family of independent real-valued Wiener processes. We can view the
noise part in (1.1) as an H'-valued Wiener process

(1.2) W(l‘) = ingk(l‘).
k=1

For simplicity welet ky = ko =u =7vy=1.

In this paper, we propose a numerical scheme for computing approximate solutions of the stochastic
LLB equation (1.1). The equation is quasilinear because of the nonlinear term m x Am which causes
difficulties in the analysis of this equation, and in particular in proving the order of convergence.
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In one-dimensional domains we obtain a global error estimate. In order to obtain such global estimate
we prove in Theorem 4.1 a new regularity result for the LLB equation in one dimension, which is of
independent interest.

In the two-dimensional case such regularity results for the stochastic LLB equation are not known.
Due to the lack of regularity of the solution, we provide local error estimates and local rates of con-
vergence. Here, we were inspired by similar results obtained in [1] for the stochastic Navier-Stokes
equation. To overcome the lack of regularity in 2-dimensional case, we introduce a regularised version
of (1.1)

(1.3) dm® = (—eN°m® +Am® +m® x Am® — (1+ |m®[*)m®) dt + Y (g +m® x gi) 0 dWy,
k=1

with € € (0, 1), initial condition m®(0) = my € H! and homogeneous Neumann boundary condition.
We will require that the noise W is a H>-valued Wiener process in the form of (1.2) that satisfies the
condition

(1.4) Co =Y |8lGyrers < oo
k=1

Thanks to the regularising term —&A?m¢, the unique solution of (1.3) is smooth enough to deduce
error estimates. Since the arguments used in the case d = 1 are similar to, but simpler than in the case
d =2, we first focus on the case d = 2 in Sections 2 and 3. The existence and regularity of solution m®
is proved in Section 2 by using the Faedo-Galerkin approximations and the method of compactness.
Furthermore, the convergence of m® to m is also proved in this Section. In Section 3, we propose
a Finite Element scheme for the regularised equation (1.3) and prove stabilities of its approximate
solutions as well as error estimates and convergences in probability of the approximate solutions to
the solution of (1.1). In Section 4 we consider the case d = 1. We start with Theorem 4.1 that
provides a new result on regularity of the stochastic LLB equation in dimensions one. This theorem
allows us to approximate the stochastic LL.B equation (1.1) directly, without using regularisation. We
note that a similar problem in dimension one is considered in [4] for the stochastic Landau-Lifshitz-
Gilbert equation. In the Appendix, we quote the existence, uniqueness and regularity results from [2,
Theorems 2.2 and 2.3], that are used in proofs of the paper.

2. REGULARISED EQUATION WHEN d = 2
2.1. Uniform estimates. We consider the Neumann Laplacian A with the domain

D(A) = {(p € H?; 3(5()6) =0,x€ 8D} ,

where v stands for the inner normal at x € dD. We will also need the operator A> with the domain
D (A?) ={¢ € D(A); Ap € D(A)}. Let {e;} be an orthonormal basis of L* consisting of eigenvectors
of the Neumann Laplacian A in D. Let S, := span{ey,...,e,} and IT, be the orthogonal projection
from L2 onto S, such that

<Hﬂua ¢>]L2 = <ua¢>L27 V‘P € Sn
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Fix € € (0,1). In order to prove the existence of solution to (1.3), we use the Faedo-Galerkin approx-
imation as in [2]. Consider the approximate equation:

dmf, = (—sA2m£+Am€+H (myy x Ami) =TI, ((1+ [y |*ymyy) ) dr

(2.5)
+ = ZH mé X g) X gk dt+ZH (gr+ms x gr) dWg,
k=1

with m¢(0) = IT,mg. The map S, > v+ A%y € S, is globally Lipschitz. Using [2, Lemma 3.1], we
find that there exists a unique local solution of (2.5).

In the following lemmas, we prove a priori estimates of m, in various norms. The proofs are postponed
to Section 5.

Lemma 2.1. Assume that |mg|g < Ci. Foranyn €N, p € [1,00) and T € [0,0),

T P
sup |me (1) + ( / |AmE (1) 2. dt) (a / VAmE (1) s dt> ] <,
t€[0,T] 0

for some constant ¢ > 0 that may depend on p,T,Cy and Cy but not on my, n and €.

E

Lemma 2.2. Assume that |mglgz < Cj. Foranyn €N, p € [1,00) and T € [0, ),
3p £ 2p p r 2. € 2 P
e3E | sup |Am,(2)|[>+€ |A%m, (1) |} dt <e,
1€[0,T] 0
for some constant ¢ > 0 that may depend on p,T,Cy and Cq but not on my, n and €.

Lemma 2.3. Assume that |mg|gs < Cyi. Foranyn €N, p € [1,00) and T € [0, ),

T P
sup |VAmS (1) i’;—#sp (/0 ]VAzmi(t)\iz dt) ] <c,

t€[0,T]

8%1’E

for some constant ¢ > 0 that may depend on p,T,Cy and C, but not on mg, n and €.

2.2. Tightness and convergence. Let |mg|y3 < Cj. By Lemmas 2.1 —2.3 and [2, Lemma 4.1],

E [‘mﬁ|W"“l’(07T;IL2)ﬁLP(07T;H3)ﬁL2(O,T;H5)} <c(&,p),
for p € [2,00) and &t € (0, 1) with o0 — % < 1 and ap > 1. Here, the constant c(&, p) depends on € and
p butnot on n. Let p =4 and
B:=W%*0,T;L*)NL*(0,T;H>) NL*(0,T;H),
=C([0,T;H Y NL* (0, T;H*) NL*(0,T;HY).

As in the proof of [2, Lemma 4.2], we deduce from the compact embedding B < E that the laws
{L(mf) }nen on E are tight. The following proposition is a result of Skorokhod theorem.

Proposition 2.4. There exists a probability space (Q', F',P'), a sequence of random variables {(m¢',W!)}
and a random variable {m¢'\W'} on (Q', F',P') taking values in E x C([0,T];H?>), such that

L(mEW) =L(mE W) onExC([0,T];H?), neN,

no n

(2'6) / / ! ! 3 /
(m& W) — (m® ,W')  strongly on E x C([0,T];H’), P-a.s.
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Since m¢’ has the same laws as m¢ on E, and C([0,7];S,) is continuously embedded in E (by Kura-
towski’s theorem), we have

SupE/ sup ‘m ( )‘ + ‘A 8/|L2 OTILZ)] < o9,
neN | r€f0,7]

supE’/ g3p sup |Am§/(t)]i’§ 8”|VAm€/|L20TL2)] < oo,
neN L t€[0,T]

supE’ | €37 sup |VAmﬁ/(t)|H2fZ 37| A2me’ |

|L2 0,7;L2
neN | t€[0,T] )

2 gl
83P|VA ]LZOTU)] < oo,

for p € [1,00). This implies that for fixed €,

s’ [ ([ 10+ P 0 as) | <

neN

p
supE’ (/ imE' (s) x AmE' (s) |2, a’s) } < oo
neN

p
supE’ ( / A2mE! (5) 2, ds) ]<oo,
neN L \/0

and we can deduce the weak convergence m&’ — m¢’ in L>(Q; L= (0, T;H3) N L?(0,T;H)) as n — oo
up to subsequences. The details are similar to [2, Section 5] and omitted here. We arrive at the follow-
ing existence, uniqueness and regularity result for the regularised equation (1.3), where a martingale
solution is defined in the sense of [2, Definition 2.1].

Theorem 2.5. Assume that |mg|gs < Cy. For every € € (0,1), there exists a pathwise unique martin-
gale solution (Q,F,F,P,W,m®) of the regularised equation (1.3) such that

2.7) E| sup (\m ()2 + €37 |Am® (1) 2 + €57 |V AmE (1) i@) <c,
1€[0,T]
28) [IAmS\LonU 3P|VAm8|L2 or:L2) T € IN £|L2 (o112 T et |VATm 8|]L2 orn) <6
and for a. € (0,3),
4
29) |1l po.rym) | < €

for p € [1,00) and some constant c independent of €.

Proof. The estimates (2.7) and (2.8) follow directly from the weak convergences and Lemma 2.1 —
2.3. We focus on (2.9). Let B € (0,3), p € [2,00), B — 5 < 5 and & € (0,8 — }). The following
embeddings are continuous:

w'2(0,7;H') — wh»(0,T;H") — c*([0,T};H").

The integral form of the regularised equation (1.3) reads

!
)+ [ (~enm 4 amE (14 |m P i
0
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t oo
€
+/0 Y (m* x &) ngdt+/ Z gk +m® X g) dWy,
k=1

Recall that E|m¢ |2 12 < c. Fora W!2(0,T;H!')-estimate of the drift part,

O,7:H') =

[|£A2 E‘LZ (0,T:H!) | <cE ’8A2 £’L2 OT]LZ)] B [|£VA2 8‘”0”})}
S C (87317"“87317) )

[\Am |<cE a2 OW)} +cE [[VAm

£ t
‘LZ (0,T:H") | ’L2 OT]LZ)}

<c(l+e77),

E[\msxAm |L20TH1) <cE _!mSXAm \Lz (0.7:L2) +|Vm® XAm£’L2 OT]LZ)}

_l’_
o

E {]m X VAmg|L2 OT]LZ)]

< ol ||m* ‘L"“ 0,T:L4) |Am8|L2 0.1:L4) T |Vm8‘L°“ 0,T:L4) |Am8|L2 (0,T:L4)

tcE []m ‘L‘” (0,T; ]L°°)|VAm£|L2 OT]LZ)]
<cE % Am® :
=c |m LN(OTHI} [| m |L2 OT]HII)}
1
2
+cE [Wm8|L°° 0,7;H! ] [\Am£|Lz OT]HI‘)]

1 1
in 2
Tk {’ms‘m 0,TH2 } “VA’"E‘LZ 0.7 ]LZ)}

<c (8"’ +£‘§”£‘1’> ,

AN

E ||(14 |[m®*)m \Lzomu] <cE [rm 0 + ML 0 e+ |Im \QVms\Lzosz

<c <1+E[’mS‘LNOTH1 +|m£|L“OTIL8 |Vm£‘L20T1L4)D
s¢ <1+E[’me|morm +|m8|L°°0TH')}+E[|Vme|L20TH'>D
<c,

Similarly,

2p
(/ Z\ m® X gr) X gk|pn dt)

2p 2p
T o T o
(/0 2|<m8xgk>><gsz) +CE </0 Z|<Vm€xgk>><gkwt)
k=1

k=1
1 2p
T oo 2
+cE (/ Z(/ \m£|2\ng\2]gk\2dx) dt)
0o &= \Jp
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oo

- 2p 2p
<cE [|m8’L°" 0T:L2) + |Vm8‘Lw (0712 } (Z ’gkhzfo> +cE [’ms‘LN OT]LZ)] (Z ’ng|L°°’gk‘]L“’>
k=1

k=1
<ec.

For an WP (0, T;H')-estimate of the diffusion part,

/ (8k +m® x g) dW
_1 S

wB.p

T
<cE /0 (Z!ngrm ng!]Hp)

T o
( | X (lsul -+ el + 22 Vigul22) dr)
k=1

(0,7H")
P
)

P
2

)4
o 2
<cE []m 1=(0,T:H) 1} (Z (|gk|ﬁw+‘gk|ﬂ2ﬂl)>
k=1
<ec.
Hence,

<cE [|m P <ce 3P,

[|m8 g“([O»T]¥H')] WB.»(0,T; Hl)}

The case p = 1 is follows immediately from Jensen’s inequality. g
2.3. e-Convergence.

Theorem 2.6. For any € € (0,1), let m® and m be the solution of the regularised equation (1.3) and
the stochastic LLB equation (1.1), respectively. Then

(2.10) limE

£—0

sup m€ (1) — m(1) +% /0 " Ve —m)(s) s ds] 0.

t€[0,T]

Furthermore, for every ¥ > 0, there exists a constant ¢ = c(Y) independent of € such that for any
q,B €(0,1),

@.11) P sup |mE(t) —m()?>+ 5 /|V )(5)|25 ds > ye' P ) < ceP1D 1 ck(e)7!,
t€[0,T] 2

where K (€) := —1Bq(Ing).
Proof. Let u®* = m* —m. We deduce the equation of u® :
du® = —eAzmsdt + (AU +uf x Am® +m x Au® —uf — (m+m®,u) m® — |m|*u®) dt

Z u® x gr) xgde-Zu X gr AWy,
k=1 k=1
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with initial condition u®(0) = 0. Applying Itd’s lemma, we have
1 t t 1 t
)2, +/ e ds+/ / m|?|uf 2 dx ds + f/ € x gy 2. ds
2 0 0 Jp 2Jo kg’l
t
(2.12) = /0 (— (eA’m®, )5 (5) + (mx Au® u)p o (s) — ((m+mEuf)m® u®) . (s)) ds

t
- /0 (Vi(5) + Va(s) + V3 (s)) ds.
We first estimate each V; fori = 1,...,3. Let 6 € (0,1).

Vi=—¢ <A2m£,u£>]L2
= —&(Am®, Au®) >

= —¢|Au[7, — € (Am, Au)
1 1

S —EslAushiz =+ §8|Am|iz,

Vo = (Vu®,Vm xu®);,

< VU2 | Vimpalu®|pa
1 1
< 9l (W 9 s ) il
3 1
< | VUl uf |1, | Vmlpa 4 c|Vuf [ 2 [uf 2| Vim| s
3.4 _ 1 _
§153|VI/[8‘£2+C8 4‘u8|i2‘Vm|i4+§5|Vu8‘i2+65 l‘u£|i2‘Vm|%_H1
5 _
< 15’%‘8’1]2] +cé 4]u8]i2 (]Vm]izlAm\iz + \Vm\iz + \Vm\iz + ]Amlﬂ%z) ,
Vi = —/ (m®,uf)? dx—/(m,u8><m£,u8> dx
D D
1 1
g—f/ (m® )2 dx—i—f/ im| | |? dx
2Jp 2Jp
Taking 6 = %, we have

1 /7T T
sup ()25 [ IVur )R dst [ [ im()Plu () drd
1€(0,T] 0 0 JD

T T
<e [ lam@Rdst [ o)suplu (). ds,
0 0 r<s
where

¢ :=c& (|Vm[T2|Am[T, + |Vmll, + V|2, + |Am|f,) .

By Gronwall’s Lemma,

T n
sup ‘ue(z‘)’iz <eg </ ’Am(s)’]iz ds) ejoT(P(s) ds,
t€[0,T] 0

T T ’ T
%/ Vil (s)[f. ds < & </ |Am(s) 3 ds> <1 + el 90) ds/ o(s) ds> .
0 0 0
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Since there exists a constant ¢ > 0 independent of € such that

T
B [lanf ) +E| [ 065 ]
<c§'E [(1+T)\Vm\iw(o,r;w)HA’"EZ(OI;LZ)va‘%Z(o,T;]LZ)+|Am\i2(o,r;L2) <¢

. : r :
the random variables [, |Am|? ,ds, ) ¢(s)ds and thus elo 9()% are finite, P-a.s. Hence, we have the
almost-sure convergence:

1 /T
lim | sup |uf(2)|? —i—f/ Vut(s)]?, ds | =0, P-as.
HO(IE[OPT]! Oty [ VEOR;

Given the uniform integrability of the family {uf; € € (0,1)} in L2(Q;L>(0,T;L?) N L?(0,T;H")),
the convergence (2.10) can be deduced by the Vitali convergence theorem.

To prove (2.11), we define a stopping time
3
Tk :=inf {t € [0,00) : / o(s)ds > K} NT.
0
With the uniform estimates of m, we have from Markov’s inequality that

IP(/OT¢(S) ds>K> <éK 1,

where Tx < T. We now can estimate the error as follows:

1 T
P| sup |u£(t)\i2+—/ IVl (s) 2, ds > ye! P
t€[0,T] 2Jo

1 [%
<P ( sup |uf(t)2,+ 5/0 Vil (1) 2, dt > 781B> +P(tg < T)

t€]0,7]
T T T
<y 'ePR [<1+e-foK¢(S> ds <1+/ " 0(s) ds>> / " |Am(s)P ds] +eK!
0 0
T
<y lef (14+£(14K))E Vo |Am(s) ]2 ds} +eKk !
<c (sﬁeZK—l-K*l) ,

where ¢ may depend on 7y and ¢ but not on K and €. Clearly, K = K(g) — o0 as € — 0. Then

1 T
Pl sup |”£(t)hiz+*/ Vil (s)|2, ds > €' 7P §C<gﬁ(1*(1)+K(8)71) Lo,
t€[0,7] 2 Jo

as € — 0. O

3. FINITE ELEMENT APPROXIMATIONS OF m?

In this section, we first define an increasing sequence of F-stopping times {7%€}rcy for m® and then
propose a numerical scheme to approximate the regularised equation up to the stopping time 7% for
any R € N.
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3.1. Stopping time for m¢. For R > 1, let (t%¢)pcy be an increasing sequence of F-stopping times:
TR = inf {r € [0,00) : [m® (t)|g1 > R}YAT.

By Theorem 2.5 and Markov’s inequality,

(3.13) ]P’( sup |[m® ()| >R> <R'E
1€[0,T]

sup |mE(t)|g | <cR7L
t€[0,T)

Hence, T8¢ — T as R — oo, P-a.s. for all € € (0,1).

3.2. Approximate solution mi"’g’R). For space discretisation, let 7, be a regular triangulation of

D C R? into triangles of maximal mesh size h. Let V;, denote the space of all continuous piecewise
quadratic functions on 7.
For time discretisation, let N € N. For every n > 1, we define

T

Ati= o, =, AW =W (1) — W (t,_1).

Similarly, we define the discrete stopping time and increments. The construction follows from [1].
&R .

= max {f; :1; < TR}, ATER = gBR_fR - AUER W — w(g8R) —w (5K,

T 1<i1<n n n—1 n—1

n

Here, Ate™ < Ar. Moreover, we deduce from the following cases that ATs™® < A'Elf;Rl:

(i) if ATy = 0, then naturally 0 < At%
(i) if ATS® = Ar, then 75% =1, and t°F =1, |, implying ATe ™ = ATEX .

The case 0 < AT,f’R < At is not possible since it implies #,_; = Trf’fl < ’L’,f’R < t, and thus ’L’,f’R =tu_1,
giving a contradiction.

We aim to find a sequence of V,-valued random variables {mgl"’g’R)} » such that

<ml(1n,s,R) _ mgln—l,e,R)’ ¢>L2

= —e (a0 ag)  AcF

n

&R —_1eR ER .
— (VS T sy v ) AR

~1,&R &R
(3.14) _ <(1+|m§lrz £ )‘2)m§2n£ )a¢>L2ATf7R
I & “1eR
() ), 2
n—1,€ n
o AW, V$ €V, P-as.

+]§1<(gk+mh ng>7¢>]L2 k At ¢€ hs a.s
Fix o € Q, given mﬁl"_l"e’R) (®) and W) (@), there exists a unique solution mgl""s’R) (0) eV, of (3.14)
by Lax-Milgram theorem. Note that the solution mh"’g‘R is a random variable.
For simplicity, we denote mglj £FK) by mglj ) for 0 < j < N. A priori estimates of mglj ) are proved in the

following lemma.
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Lemma 3.1. Assume that ]méo) \iz < C\ for all h. There exists a positive constant ¢ independent of
€,R, h, At such that for p € [1,00),

n p n p
(Z\m;”—m,ﬁf >\iz> +<Z (1 +elamf) 12, ) A )
j=1 =1

Proof. Let ¢ =m\" in (3.14). Then,

1
§|m |L2+*|mh —my, \]szf\m |IL2

<ec.

(1) 2p
E [r}lﬁ;{\mh ]Lz} +E

o G PR A Py N S A
(3.15) 1
Y <m}(2n Y g, ml(ln) X gk>]L2 Ay R

ATER
At

+) <gk —i—m;" D gk,mzn)>L2 AMW,

Z gelZe (I V122 + Iy 22 ) Are®

25 4
1
< 1G (‘ml "B+ ! ’]LZ) At
For the diffusion term, the ratio M" = 1(t, < t®R) and
Z<gk+mh ngvmh >
k=1

(i AW i) A<">W>ILZ
(A WY (A
I

< gl = VR AW D AW (D aOW )

where the first term on the right-hand side can be moved to the left of (3.15). Then we have

p
E ADW +mlJ ™D x AW 2, 1(t; < 78R
r}lgg(jf,l +my % [21(; < 7°F)
<n"'E|Y |AY W+ml ™ x AU IW2 1t <’L’£’R)]
j=1
n
<’ 'E Y ( 1+ |m} )Il(tjgfg’R)(At)p]
j=1
< TP 'E

n
Y ( 1+|m Lz)ATSR]
j=1
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and by Burkholder-Davis-Gundy inequality,

p [/ 4
(=1 R (=12 R
E | max FZI <m 1(t; < ),A<J>W>ILZ ] < b,E (,—2’1 mU V12,1 < 18 )At)
c | »
<bE (Z |m,(j‘”i2mjv’*> +1
L \Jj=1
n
i—1))2 R
< cb’E [Zl im0 ATER | 1.
=
Taking the pth power, the sum over j = 1,...,/, the max over / and the expectation, we deduce from

(3.15) and the fact A’l:f’R < At for all j that

E

n p n p
l i i1 . .
LY O Y O O ST PR
=" Jj=1 j=1

<cE [|m,(10)|112ﬂ +cE

n i1 .
zi <|méj )|]il;_|_ |m§lj)‘]i127) ATJ?’R—FI
j:

(3.16) <c (1 )

n
(l) 2p A
j:ergl;;c\mh 5 t])

where the constant ¢ may depend on p,T,Cy,Cq, b, but not on €,R,h or At. Thus, by the (discrete)
Gronwall’s lemma,

2 T
E | max [m™ 22| < ceT.
|:l§n | h |]L2 —=

The result follows by taking the other expectation terms in the inequality (3.16) as the subject. (|

Remark 3.2. Assume that \méo) lge < Ci for all h. Then Lemma 3.1 holds with the sum starting from

(=1 (0)

Jj = 0 and with the term m settom, .
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3.3. Error analysis efZ"’S’R). Let egl""s’R) = m®(1;"™) — m"®. Note that AW = Jir dW (s). We first

derive an equation for egl"’g’R): for ¢ €V,

(62,6 = (me(at) it 0).

m®(s) — Vm,(:’) +m®(s) x Vm®(s) — ml(ln_l) X Vmi"),V¢>L2 ds

|
T
N
S
<

(3.17) iy

+;i/rk" ((me(s)=m ™) xgiogix o) ds

ATER
L2 At

In

+ <¢,(m€(s)—m,(1n_])> xdW(s)>

Tn—1

Similarly, for simplicity, we write egln) instead of e;n.,e,R)‘

We now introduce the orthogonal projection P, from L2 onto V), and its properties before proving

convergence results in Theorem 3.3. Let m,(io) = Pymyg. Since mgl") takes values in V,,

Phegln) . e;,n) _ thg(’b'f’R) . m}(:t) . (ms(T;,R) . min)) _ ths(r;l?,R) . mE(T,f’R).

For the approximation properties of P, let k = 0,1,2 with H° := L2,
(3.18) 1Prel” — e g < chlm®(TER) |gier,  1Prel e < el e,

Theorem 3.3. Assume that |mo|ps < C and Nh < C,. There exists a constant ¢ independent of € and
R such that for any € € (0,1) and R > 1,

N
max|et” 2, + Y Vel |2, Aok
n<N n=1

(3.19) E <c (h+ (At)%) e FRSece R,

We postpone the proof to Section 6.

3.4. Convergence in probability. We write ¢*, ¢" and ¢’ instead of ¢ for the constant in (3.19), (3.13)
and (2.11), respectively. For ¢, 3 € (0, 1), define

9P

e In(h+ (Az)%) ’ ,

R(h,At) := <
(3.20)

e1(hAr) = (R(h, A1) 73, e(h,Ar) = max {81 (), () ¥ P+3) g} ,

where R(h,At), € (h,At) and & (h,At) converge to 0 as h, At — 0.

Using Theorems 2.6 and 3.3, we prove the convergence of the solution mEZ") of (3.14) to the solution

m of (1.1) below.
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Theorem 3.4. For every y > 0, there exists a constant ¢ = c(y) independent of €, h and At such that
forany q,B € (0,1),

N
P <m<a]z/( m(tn) —m"” 2o+ Y Vi) — Vi 2.0 > ye (b, An)' P 4 y(h+ (At)‘z’)lﬁ> -0,

n=1

as h,At — 0, where €(h,Ar) is given in (3.20).

Proof. We choose R = R(h,At) and € = €(h,At) > €(h,At) as defined in (3.20). Then

22

e3¢ 84R8< 2¢*R% __ <h+(AI) ) 4

By Theorem 3.3,

N
P <max m (22R) = 22+ Y |V (22R) = Vi 2, ATER > y(h + (At)‘é‘)l—ﬁ>
n=1

n<N

N
<E|max|e,”[f.+ ). |Ve,£">\im,fv’*] v (ht (an)5)P!

n=1

<o (nr @) My e e
<ty (h—l—(At) >5(1 q)‘

Since t, = Ty R when &R > T, we have from (3.13) and the inequality above that

n=1

N
P (mfs (1) =P+ Y [V (1) — Vi) oA > (ot (A1) ! ﬁ)

N
= (m%‘\m (5F) —m o+ Y (Ve (5R) — V) PoATR > y(h+ <Ar>3‘>“ﬁ>

+P(z8R < T)
w01 o\PU=0) 4 -1
<y (nk@anf) T e RN
where the right-hand side converges to 0 as #,Ar — 0. Let

F(&,,A1) == sup |m(r) —m® (1) 2, + max |m? (1,) — " 2,
t€(0,7] n<N

N
N / Vim(e) — V(1) 2 de + Y (Ve (t) — Vil |22

n=1
+ Z/ Ve (1) — Vi (1) 2, di.

We observe that

(Z/ Vit (1) — Vit (t,) 2 dt > y(Ar) 20 B))
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_ [Z/, 1|Vm —Vm (t,)|2 dt]

<y '(an)3iPVR [‘mg‘ca([oﬂ;Hl)(Af)zaT}
< ey 'T(Ar)5BH)e3

71

<Y

N\Q

Since € = £(h,At) > ((Ar) 7 B+3)3, we have

(Z/ VmE (t) — VmE (t,)7 2 dt>y(At)§(1ﬁ)> <1y T (Ar)FB0-9) g,
In—1

as Ar — 0.

Combining with (2.11), we obtain the convergence in probability of the approximate solutions mgln) of
the regularised equation to the solution m of (1.1):

1 n 1 _ 1 a\1-B
P(zrnng/qm(tn) B+ Z " V() vmg)|§2ds>§yelﬁ+§y(h+(m)z) )

In—1

1 1— a l_ﬁ
< Z B, -
_]P’(f(e,h,At)>2ys +2y(h+At2) )

1
<P < sup |m(t) —m®(t)[2, +/ \Vim(t) — Vm® (1) |2, dt > 4y£1_ﬁ>

1€[0,T]

+IP’<m<a]3]<!m (t) —m" |LZ+ZWm (ta) — th 12,0 > Y(h+(Af)g)l_ﬁ>
n~ n=1

+P (Z/ \Vm® (t) — Vm® (t,)|2, dt > ;Y(At)%( B))

a B(l_ )
< (gﬁl ) _2(Bg) (1ne)—1)+8c*y—1 (h+(At)7) +t (R(h,A)) !
+ 8¢y T(Ar) 3 (B+31-0)

where € and R are given by (3.20), and then the right-hand side converges to 0 as &, At — 0. O

4. ERROR ANALYSIS WHEN d = 1

4.1. Additional regularity of / and H'-stopping time.

Theorem 4.1. Assume that |mg|g2 < C. Then for the pathwise solution m of the stochastic LLB
equation (1.1) in Theorem A. 1, there exists a positive constant ¢ such that

T 2p
sup [Am(r)[25 + (/0 [VAm(s) [ ds) ] <c¢, E [’W&([@,T};HI)} <c

t€[0,7]

E

for p € [1,00) and a € (0, ).

We again postpone the proof of the estimates in Theorem 4.1 to Section 5.
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For R > 1, let (t®)gen be an increasing sequence of [F-stopping times with
R :=inf {t € [0,00) : |m(t)|gn > R}AT.
By Theorem A.1 and Markov inequality,

SCR71—>O, as R — oo,

4.21) P| sup |m(t)|m >R | <R 'E| sup |m(t)|m
1€[0,7) t€[0,7]

4.2. Error analysis OB et Tn be a regular triangulation of D C R into sub-intervals. As in

Section 3, we define the discrete stopping time and increments
= mlax{tl n <}, AtRi=R_ R
1<i<

For the one-dimensional problem, we study the finite-element scheme (3.14) with € =0, V, the space
of all continuous piecewise linear functions on 7, and (m, T8, ATR) in place of (m€, 75" ATR).

(J,0.R) ELJ’vOﬁR) ()

For simplicity, we denote m;, and e , by m;”" and egf ), respectively, for 0 < j < N.

Lemma 4.2. Assume that ]mh ‘]LZ < C| for all h. There exists a positive constant ¢ independent of
R, h, At such that for p € [1,),

n . . p n i p
(Zymgﬂ—mgf—”ﬁz) - (Zymgﬂ@ﬂ.mf) ] <c.
j=1 j=1

Proof. The estimates can be obtained in a similar manner to Lemma 3.1. ]

()2p
E {1}13(|mh |]L2] +E

The order of convergence is proved in the following theorem and the proof is given in Section 6.

Theorem 4.3. For every y > 0, there exists a constant ¢ = c(y) independent of h and At such that for
any q, € (0,1),

N
P <mN m(tn) =2+ Y [Vm(ta) — Vo 228 >yt <Ar>“>1ﬁ)
n= n=1

1
i

<cy ! (h+ (Ar)*)PU-D c< 9P 1 (h+ (ar)° ))

5. PROOF OF UNIFORM ESTIMATES

5.1. Proof of Lemma 2.1. The result follows from [2, Lemmas 3.2 and 3.3]. We only need to address
the additional eA*m¢ term in the estimates. For |m¢|?,, we observe that

(ms, —eN°mt),, = —€|Amf|}, <0,

which does not change the conclusion of [2, Lemma 3.2]:

T p
sup 0 F2+ ([ Vs ar) + ([ [ 0 rm<>|2dxdr>]§c,
1€[0,T] 0

(522) E
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for p>1and T € [0,c0). Similarly, for |Vm§|?,, we observe that
(5.23) (—AmS, —eA*mf), , = —€|VAMS|? .

Then we can gather from [2, Lemma 3.3]:

T p
(5.24) E | sup |VmE(t < / |AmE (12, dt> <e / IVAmE(1)[2 dt) <c,
1€[0,T] 0

forp>1land T € [0,00), as desired.

5.2. Proof of Lemma 2.2. Applying Itd’s lemma to 5 L Amé ’I[}

%|Amﬁ(0)|i2 e / Ao (5) s ds— [ (VAmS(5) . ds
+/ (Nm( ) X Amit(s)), > ds
= [ (@), 1+ ) P (),

= ) [ (om 51, 5) % ) ¢ ) s

SIanE (@) =

(5.25) 124
3 2 ) i) x g0l ds

+Z/ (A*mf(s),m5(s) X gk + 8k )y» AWi(s)
t
= Slams (), —e /0 2 (5) B s — [ (VA (s) 2 ds

4
+;/0 Hi(s) ds-+ Hs(1).

We deduce from the continuous embedding H' < LL*, Gagliardo-Nirenberg inequality and Young’s
inequality that
Hy = (N°m&,m§ x Amf),

< | AP [mE | s | AmE |4

1 3
< clAmE 2 (rAzmmgzmmmgz+|Amﬁ|u)
(5€) 38 12mE R + c(5€) Bme |, | amE 2,

8
<5e>%ﬁwmﬁ\i2+c<68>-§ﬁ\mﬁ|§ﬂ.mmiriz

oo\\o + oo\(.n

8
(5€) 38 182mE 2, +c(5€) 1P (|m2|[gp ; |m,i%m1) a2,

for 8 € (0,1) and B > 0. Similarly, since H' < L, we have
Hy = — (N, (1 [y [2)miy), -
[ Ay 2 - (Vg 2, Vg )mg 4 [y Vi)
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[ A2 + 3|V Amg |2 g [V

[ A |2+ |V Amg 2 [y [y [ Vi g
1 B
—| A E + 5 8V Am [T + 87 (Jm o + [ A 2)

For the Stratonovich correction,

m X gk X gk>]L2

[\9) \

< —

2

(VAmS, (Vmi; x gi +mé X Vgr) X g+ (mf x gk) X Vgi)2

2 - 2
< ZélVAmﬁlmcé g
For the It6 correction,
1 n
Hi= 5 Y 1Ak +m x &) 72 < (14 |Am |2, + mi 5.
k=1
For the diffusion term, we first observe that for k > 1,
<A2 £7gk +m X gk>]LZ - = <VAm2>ng + V}’i’li X 8k +mi X ng>]L2
< c|VAm |12 (|Varli=(1+ [my|12) + |gilL=[Vmy|L2)
and
2

(N°mE, g+ mb X i)y < clgulfye | VAME[E (14 mG| 5 ) -

Then by Burkholder-Davis-Gundy inequality, for p € [1,0),

r

n T 2
sup \H5|P] <b,E (Z/o <A2mfl(t),gk+mfl(t) ><gk>]]242 dt>
k=1

E

1€[0,T]

P
2

T n
<cbyE </0 Y 18kl VAmE ()72 (1+ [m§ (£) |7n) dt)
k=1

0 /(TS 5
<cb,E | sup 228> (1+ym,§(z)|§ﬂl)2</o E]VAmﬁ(t)]%LQ dt) ]

| 1€[0,T]

<27’ PR [ sup (1+ ymg(z)@{l)”]

t€[0,T]

T p
+2- P+ §PR [( / IVAmE (1) ]2 dt> ] .
0

LetBZ% Thenf0r0<6<g,

9 1 1. 1 1
— B~ N R _
£+ < (58) <3¢ +25+46< 5
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Taking the pth power, the supremum over ¢ and the expectation on both sides of (5.25),
eq2p |1 r €(41]2 : r 2 €(\|2 g
sup [Am(OF+5 ([ 1Vami@)R:ar) +er ([ 18%mE0) R ar
t€[0,T] 2\Jo 0
» T P
sup. (1-+ o)+ s )1%)" | & | ([ a0 ) |
t€[0,T] 0
4 T ) P
sup. (IS0 + g % + im0l ) ([ 1ams o ar)
t€[0,7] 0

< c(1+£_§ﬁp) ,

for some constant ¢ > 0 that may depend on Ci,C,,0,p,T but not n,e. Here, the last inequality
holds by the estimate of m¢ in L*P(Q;L=(0,T;H') NL?(0,T;H?)) in Lemma 2.1. Taking 8 = 3 and
multiplying both sides by e3P yields the desired inequality.

E

<cE {]Amﬁ(O)\iPZ} +cE

+ce 3PPE

5.3. Proof of Lemma 2.3. Applying It6’s lemma to 2]VAm T2
1 1 t
EWAmﬁ(t)\iz=f|VAm§(O)|H242—8 / VA2mE (5) 2, ds — /0 A2mE (5) 2, ds

/ (A3 (5),mE (5) x AmiE(s)), » ds
/ (A (), 1+ ImE(s) PIm ()2 ds
t
3 L (M), 00 x 1) 80
+5 Z/ |VA (my,(s) x gk + &) ]]Lz ds
B Z/O <A3mﬁ(s),mﬁ(S) X gk+gk>]Lz de(s)
k=1
1 € 2 ! 2 ¢ 2 ! 2 € 2
= S IVAmE ) —e [ (VA ds— [ 8% (s) . ds
4
+Z/0 Ti(s) ds+Ts(1).
i=1

For 6 € (0,1), we have

Ty = — (NmE,mf x Ams).

=2 <A2m8 Vi, x VAmS >
< 2|NPmg |2 | V|4 |VAmS |4

1 1
< | A2 |y | V] (WAmmﬂizwm,iﬁz ; |VAm2|Lz)

3 1
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9]

< = §|AmE|2, —|—c5_4(|Vm 22 |AmE |2, + [VmE| L, + [V |H.) IVAmE?

Ul-lk

= 28|A%m 2+ (€387 (1VmEl: 4+ 1) (eF g 2, ) (el Vams )
+C(854) (1|2 + Vgl ([ VAmg[2.)

Similarly, for 75, we first observe that
A (|miyPmiy) = [y Amy, + 2|V | *m; + 2(mfy, AmS ) +4(mf;, Vi) Vi,

Then,
<A3 (14 |mE? me)
= —\VAmn\Lz + <A2m§,A (|mﬁ]2mﬁ)>L2
< —|VAmg|Ta +c|Amyle (V[ lmi s+ |Amg | my | s)

3 5
< V8 it (198mg LIVl + 19 )
2 2 €3 3 2
wclatmt (102 g o+ V) o
1 B 3 s
< VA 381N e8! (19 B+ )
3.4 _ 1 _
+ 383 1%y + 8 Vimg i + 5 81A%m [ + e8|
5

< (=1+e87") |[VAmE|f, + 15|A2mﬁ|]i2 +e67 (|mE)8 + | m g + | mE] ) -
For the Stratonovich correction, we have

;= Z <A3 m X gk) X gk>]L2
k=1

*Z(Az (A, X gi) X gi+ (myy X Agi) X gi+2(Vmy X Vgr) X gk);2
n
Z (A*mE, (mf x gi) x Agi+2(Vm x gi+mE X Vgr) X Vgi)
. 2
Z A%l (|Amp || gelfs +2Imp e[ gel-1Agk|L2)
n

Z A%l (4 Vg |2 |gklus | VerlLe + ||| Vex[2-)

n

3 1
<c (IAzmﬁlﬁzIVmilﬁz i |A2mz|Lzeri|Lz) Y el
k=1

5 3 n
Te (rAzmmz\mz\gz ; \AzmirLz|merz) Y el [Agilez
k=1

n
+e|Am| 2 lmE e Y 18kl
=1
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1
<2681 |A?mE|2, + 8 VmE 2, + 55]A2mﬁ|i2 +c87!|Vmi |2,

1 1
85 |A%mS 2 + ¢8I + S 8APmE 4 e8! |

1
+ §5|A2m2|i2 +C6_1|mﬁ|%11
23
S §5IA2mﬁ|i2 +C6_4|mﬁ|ﬂz_ﬂl .

For the It6 correction,

n

Ty=Y |VA(mf x g+ |72

k=1

n
<c Z (]VAmi X gk]]]z} + |AmE x ng\iz +|VmE x Agk]iz + |mé x VAgkhiz + \VAgk\iz)

=1

2 S 2 2 % 2 S
<c|VAmL[T, Y [gkli-+Amg [T Y [Verlia|Ageliz +c|Vmg [T Y (A2 VA2
k=1 k=1 k=1

n
Fe(mEPe+1) Y [Vagis
k=1
1 3
< [V AmERs + ¢ (IA2mE]2 [V |+ [V ) +c<!VAm2!ﬁz|Vmi\ﬁ2+Vmi!iz)

2 4
e (Vg 41 )
< c|VAME|, + 8|A?mE R, ¢ (87 mE|F, +1).

For the diffusion term, we observe that
<A2mﬁ,Amfl X gk>]Lz = — (VAm§,,Am§ x Vgi)1»
= (Agk x VAMS + Vg x A°mf,Vm)

and
(NmG,mS x g+ gk )y = (A°mS, Amf X gi) > + (A*m,m5 x Ag +2VmS x Vg + Agk ), »
= (VAmS,Vmt x Agp)p» + <A2mi,mﬁ X Agr +3Vms x Vg +Agk>]L2 )

Thus,

n 2 n
Y (Nm mG x g+ gi)ps < VARSI VmGIE, Y |AgilE-
k=1 _

n

k=1
n
+c[AmS 2 <|mﬁliz Y |Agilt-+ Vol Y ng!iw>
k=1 k=1

n
+e|A’mi|t) Y 1AL
=

< | VAL |VmE s + c|A2mE 2 (2 +1).
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Then for p € [1,), by Burkholder-Davis-Gundy inequality,

sup |T5(t) \p] <bK (Z/ (Nme( ><gk+gk>]Lz d)

te[o T]
sup |Vme(r (/ VAmE (1) 2 dt>
1€[0,T]

[STaS]

)4
2

<cb,E

Pl 4 T8 2 ¢
byl 25575 sup (WO +1)* ([ SIatmE0) R
t€[0,T] 0
1
< —chpE | sup |Vmi(t ~l—/ |VAm; (1 \Lz
2 1€[0,T]

+277 b2 PE | sup (ImE3 +1)”

t€[0,T]

T p
—|—2_(P+1)51’E[</ INZHGLS dt) ]

We choose a sufficiently small § € (0,1) such that the sum of coefficients of [A?m&|Z, in T,..., T4
is negative; more precisely, —1 + 581 o< 2. Then combining the estimates, we deduce that for p €

[1,%0),
) T | T p
sup |VAm(t)| 5 +€” ( / IVA?mE(1)]7 » dt> + = < / NG d;)
t€[0,7) 0 2 \Jo

<E [\VAm;(o) L 1}

s P T p
sup (|VmE|2,+1)" (s%mmﬁ@z) <s/0 IVAmE |2, dt> ]

1€(0,T]

_ T p
c(e8%) PR [ sup (|Vmﬁ|i2+|mel|zﬂt2)” <e/0 IVAmE? dt> ]
t

€[0,T]

E

+c <8%54) R

+c6PE

T
/ sup [VAmE (s)| % dt]
0

s€[0,1]

e | sup (|ms (0 + ms (0158 + Ims (01 +m<>|‘8”)].

1€[0,T]

By Lemmas 2.1 and 2.2,

T o
E sup |VAmy(s)|;% dt
0

s€[0,]

T Pl
sup |[VAmS(1)[75 + <e / VA mE (1) ]2, dt> <ce P 4+ R
t€[0,7] 0 |

Finally, by Gronwall’s lemma,

E | sup |[VAmS(t) i’; <c(1 —i—z-fgp)ec,
t€[0,T]
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for some constant ¢ that may depend on Cy,Cq, T, p but not on n and €.
5.4. Proof of Theorem 4.1. We consider the Faedo-Galerkin approximation as in Section 2.1, with

€ =0 and m,, :=: m®. Since the L*?(Q;L=(0,T;H'))-estimate of m, was obtained in [2, Lemma 3.2
and 3.3], we only focus on Am,,. By It6’s lemma,

%|Am"(t)|i2 - %|Amn(0)]i2 = /0’ <A2mn(s),Amn(s) +my(s) X Amn(s)>]L2 ds
= [ (@m), 1+ (5P ma(5) ds
P L (o). () ¢ 0) 1)
#3 L [ 805 % i g0 ds
+ i /Ot <A2mn(s),mn(s) X 8k +gk>]L2 de(S)
k=1

¢ t ! !
:;/O H(s) ds+/0 Ha(s) ds+/0 Hs(s) ds+/0 Ha(s) ds +Hs(1).
We have
H;

<A2mn,Amn +m, X Amn>]L2
—|VAm, |22 — (VAmy, Vi, x Amy); 2
—|VAm, [ 2 + | VAmy, | 2| Vi | o | Amy | o

IN

1 1 5 3
< —|VAmM,|3 2+ c|VAm,|» <|VAmn£2|an|£2 + ]an|Lz> <\VAmn|]i2|Vm,,]]i2 + |an|]L2>

7 5 9 15 13 1
—|VAML [ 2+ | VAM |5 [Vina| L 4 ¢[VAm |3, [Vma| 5 + ¢ VAmy| 5| Vmy| 5 + c| V| f

IN

IN

30 22
(=14 8)|VAm, |3, +c (anhlg + |V | >+ Vi |5 + |an|i2>
< (=14 8)|VAm, 72 +e1 ([Vma|2 +1)

where ¢ depends on 8~ !. The estimates of Hj,Hs and Hy are similar to those in the proof of Lemma
2.2, so we omit some details here. Since H! < L™ for 1-dimensional domain, we have

Hy = —(A*m,, (1 + ]mnlz)mn>L2
< —\Amn\iz +c]VAmn|Lz\mn\inmn]Lz

< —|Amy |22+ c|VAm, |12 |y |2 | Vi |2

IN

—\Amn\iz + 5]VAmn|i2 + cz|mn|16HI. )
For the Stratonovich correction and Itd correction,

H; < S‘VAmnhIz} +C3|mn|]%ﬂl ,

Hy < ca (L4 |my |3+ |Amy, |7 2) .
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For p € [1,00), by Burkholder-Davis-Gundy inequality,

oo

t
=FE [ sup Z/ <A2mn(s),mn(s) X gk +gk>L2 dW(s)
1€(0,7] [k=1"0

r p

oo T 2
2
< pr kzl/() <A2mn(5)amn X gk+gk>L2 ds

E | sup [Hs(r)|”

t€[0,T]

"]

(Sl

o T
=b,E Z /0 (Amy, (), my(s) X Agr+2Vmy,(s) X Vg + Agk>]i2 ds
k=1

T 5
<ov| [0 o+ O 1) ] |

T
+cb,E { / | A (s)[2% ds] .
0

< chyE | sup (jma(s)fE +1)"
1€(0,T]

Combining the estimates, we deduce that

1 T
~ sup \Amn(t)|i2+(lf36)/ VA, (5) 2, ds
2te[0,T] 0

1
< §|Amn(0)|i2 +c (\mnth?l +1) +c|Amy |t + sup |Hs(t)].
t€[0,T]

We choose 0 < % Raising both sides to power p and taking expectation,

p
E [ sup |Amn(t)|ﬂz_€—|—(1 —306)? (/OT \VAm,(s)|2 2 ds) ]

€[0,T]

§cE[|Am0|H2"§}+cE +cE | sup (jma(6)]% +1)”

T
| sup am(s)2 ds
0 t€[0,T]

5€[0,1]

T
< cE / sup |Am, (s) 2% dt
0

s€[0,¢]

+c,

for some constant ¢ that may depend on Cy,C,, T, p and 6 ~!. Hence,

T P

E| sup [Am,(1)[7| <cef, E [(/ VAm,(s) [ ds> ] <clef+1),
t€[0,T] 0

by Gronwall’s lemma. Then we can repeat the compactness, tightness, and convergence arguments as

in Section 2.2 to show the existence of a weak martingale solution m of the stochastic LLB equation

with estimate in L2 (Q;L*(0,T;H?) NL*(0,T;H?)) when d = 1.

As a result, using a similar argument to the C*([0, T]; H')-estimate of m¢ as in Theorem 2.5, there
exists a positive constant ¢ such that

E [ym\l’a([mm)} <e,

for a € (0,4) and p € [1,00).



NUMERICAL METHOD AND ERROR ESTIMATE FOR STOCHASTIC LANDAU-LIFSHITZ-BLOCH EQUATION

6. PROOF OF ERROR ESTIMATES

6.1. Proof of Theorem 3.3. Taking ¢ be Pye", we have

<e§l") - eé"fl),Phegln) >]L2
=— /:’; (8 <Am‘S (s)— Am,in),APheén)>L2 + <Vm’S (s)— Vm,(;l),VPhe;ln) >JL2> ds
T

o
—/T <m8(s) X Vm®(s) _min—l) X Vmi"),VPhe,(i")>L2 ds
K n—1 n n
— [y (@ mE @R e () = (1 P P ) ds

L (%0 ey ) P\ g
+§Z ol <(m (s) =m, >ng’gkx heh >1L2 s

ATER
L2 At

—/ Wl ds—l—Z/ " ds 1.
The left-hand-side can be re-written as
<e§ln) — egnfl),Phegln) >L2 = <e§l") - eglnfl),e,(zn)>]]42 + <e§l") - einil),Pheg") - egln) >L2
=5 (1= bl R el el ) -8
(n) _ { (n) _ (n=1)

where I, = (¢, — ¢, ,eén) —Phein)hz. Hence, taking the sum over j=1,...,n

1 n d j ji—1
5 (|e,i R+ )y &)~ )|%Lz>

(6.26) f\ ¢, |L2+Zl +Z/ D)+ 1) ds+ZZ/ ds+ZI :

j=1k=1

+ " <Phe£l"), (mg(s) —mgn_1)> X dW(s)>

where eflo) =my— mglo) = mo — P,my.

Estimate eﬁlo).
(6.27) et 2. = |mo — Pumo|22 < ch|mo|Zs,
Vel |2, = |V (mo — Pymo) |22 < ch?|Vmo|%:.
h 1L L H
Estimate /.

. . 0 (i .
I(()]) _ <e§lj) _eglj ), éj) —Phel(f)hz
(

< 8ley) — e Va8 Pt (15F) — m (251 2,

25
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j i—1),2 —112 e/ ER\ 2
= 8lel!) — eV 2 8 2 m (1R .

Thus, with the assumption Ni < Cs,

n

Zféf<621eh o V8 Y I (5

j=1 j=1

_— )
(6.28) <8 Y I e Bt es m Py,
£
=8Y ley e 2+ heg”.
j=1

for some constant ¢ > 0, where

n<N

E [max (p(g )} =E {cﬁ_l |m8|iw(07T;H|)] < ¢o.

Estimate /;.

We first estimate / 1((’1)

e = <Am (s) — Am), Aphem>L2
= — (A (5) = m)). AR — ) |~ (AlmE(5) —mF(255)
< chlm® (255 [ A (5) = i) 2 = (A (5) = mf (257%)) Ac/

< |- ez (1Am (5) 12+ [Amf |12 ) = (1= 8)|ael 2,
87 |A(mE (s) —m® (175)) £

1 . .
<ch <2|m8|iw<o,few>+Am€<s>|iz+|Am2”i2) —(1-8)[aef 2.

a8 A (s) — m (255 B,
< (3 gy +a ) = (1= 8)lacl .
BT (5) — mE (1)) BV (5) — m (£
< (1 By en + Am,i”riz) —(1-8)ad,

+C6 l|m8|L°° e R |m ’C‘x TER]Hl)’T7 _S‘z,

Il(j) =—€ <Am (s)— Amgl ),APheEE )>]L2 — <Vm£(s) — Vmglj),VPheij)>L2 —.JV

)™

+17).
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Then,
Z/ 19 ds+e(1-8) Y [Acl) 2 A7k
j=1
6.29 3 < -
( ) S ch <28T‘m£‘124m(0775,R;H3) +é& Z ‘Am](,lj>‘i2ATj7R>
j=1

+ced” 1|m£|Lm ,TERH3) ’m |ca 0,7¢:]; Hl)(At)7
Then, we estimate Il(i) .
Il(é) = <Vm8(s) — VmEZJ),VPhe}(ZJ)>L2

—<Vm (s) —Vm® ( )—|—Ve§l),VPhe§l)>L2

= — (Vi (s) = Vi (55 7), VRiel ) = (Ve V(B (257 —me(55))) |~ Vel 2.

Then,
10+ Vel o < c87 1 (19m (655) = V() 2+ [V (P (257) — e (%)) 22
+8 (VP + Vel 12,
< e85 VmE (5F) — Vit (5) 22 + ¢ W2 me (15F) 2 +- 28| Ve 2.
With Az5 " < Ar,

n T%R n

J i . 7R
ZI/TE,R Iga) ds+(1-26) ZIIVeE,’)\izATf
j=1"7% iz

<cé! |Vm® |éa([07rg,R];L2) (At)zaT 48 'h? |m® \im(()’Tg?R;Hz)T.

(6.30)

Combining I, () and Il(i) estimates, we have

n ER
Z/ D ds+(1-28) Z|Veh AT +e(1- Z|Aeh f.AT5"
= - j= j=
(6 31) S 085_1 |m8|zw(Q7T£,R;H3) |m£|ga([07fs,R};Hl)(N)7 +C§_] |Vm£|éa([07fe,R];L2) (AI)QOC

n .
+ch <eym8 2o ey +E Y [Am) AT 4 51hym8\iw(07rmﬂz>>
j=1

= (a0 )+ (a0 y) +hel”,
where

_s _8 n _s
E [mj‘;,‘%(a)] <c€3, E[glfg,“l’l(b)} <c€ g, E [max(pl( )] <ci€ ;.

Estimate /,.

27
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= ((m (1) =me(s)) x Vi (5), VPref)
O P .

+ mEL ) x (Vms(ff )—Vmg(s)) ,VPhe,gJ)>L2

<
— <€§ljil) X Vme(s)avphe£j)>11‘2 <m£l Y x Veg’l )’Vphe’(l )>L2

1Y) = <<m (1) —mg(s)> X Vmg(s),VPhe}(lj)>L2
2 .
<cd! ‘ <m8(T;’_R]) - ms(s)> x Vm® (s) ’LZ + 5|VPhe§l]) 2,

<! (I (a7 ) = m* () B 9 () ) + 819} i

noont R R % ; R
_Zl / o B ds<co ‘_Zl / mE (5) —m® (55 |2 [Vime (5) 2 ds+ 8 Y | Vel 2.AT8
J=177%-1 J=1"7%i=1

=1
7ER n ) R
< ¢8R e (A1) /O mE(s) 2 ds+ 8 Y [Vel PoaztR.
=1
Also, using AT k< AT] 1» we have
Iz(i):<m£lj D (Vm( ) VPheh > ,
1
< ;lj ) « (Vm( ) VPheh > ,
<87 VR VmE (55F) — Vit (5)[ 24 + 8| Vel |2

<c8 ' mli ™Y \H]\Vm( RY —Vm® (s )\Hu\Vms(Tf’R)—Vmg(s)]Lz+5\Ve§lj)\iz,
n &R n
J i _ i—1
Y [ 18 ds < 87 1V ca semya (80 g enamy Y R8T
j=1"j-1 j=1

n .
+8Y Ve Fao",
j=1
Similarly,

Iéi) =— <e}(1j_l) X VmE,VPhe](lj)>]L2
= <e§lj_1) X VPheglj),VmE>]L2

=— <Ve§l";1) X VPheéj) +eéj71) X APheéj),m8>L2

< Vel V|| VP | m® s + [Ae |12 lel | lm?| s

i1 N3 Y .
< Vel s (|Ae§/>ﬂtz|e£,”ﬁz+ |e§,”\Lz) _

' i—1)1 1 .(—1),3 i—1
T elad) (|Ae§: TERR e UU) L
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< §[Vey V12, 4 e57! (]Aeﬁlj)|52\e§lj)|ﬂ%z - \e;f'>|§L2> me |2,
+8elAe)) 2, +c(5e) ! <|Ae£ljl)|éz|e§ljl)\£2 + |e,<j”|i2) me |2,
< §|vey VP + za%gmegﬁﬁz +e8 e el Balml (S + 5 e |2 mE |y
+Selael)) |2, + %&\Ae,ﬁf*”@z +e6 36 el VR el + 8 e el TV R e
< 8|Vel V12, + (25§ + 6) elael) 2, + %5£\Ae§f*1)\iz
858 el [ + 8 e el Bl

467! (|e§lj)|iz +871\e§lj71)\i2> m® |2,
and then with 5,8 € (0,1),
3 5 < j
Z/ 1 ds<5):|veh 2.atER ¢ < 8342 )meefj)\izmj’R

J=1
£.R

T
1 e85 3Z|eh \Lz/

Jj= T/*I

(1 O+ im0 + (5 ) as
+ Zaeme,(f) 2,40+ 8|Vel” 2, Ar
+cs e 3l 2, <!m£!§w<o,m> + ymS\gm(o’T;HIO .
For Iéd),
I%) = <m£lj D% Veglj),VPheElj)>]L2
<m£lj DRV Vezj),V (Phe,(f) _ elgj)) >L2
= <m§lj_l) x 'V (P m®(t ng) me(’vf’R)) ,Ve,(ij)>]L2
v (B (22— (22) |+ 8196/ 2
V (B (e%) = (55))| |V (B (255) = (28| 819l

< 67! ]mijil) \%th|m8(rf

< 6571|m£j71)\i4

<5 m VR, |V

B+ 8|ve 2,

and

Z/ 1) ds < 6~ 1h2| DR, |me 8R)|H2ATSR+6Z|Veh 2ac0R

j=

=

< C5_1h|m€\im<o,re-R;H2) y |m/(1j—1) ,ﬁlmjﬂ’i +0 Z Weﬁ,"’\isz’“
j=1 J=1
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&.R

WA
L ds
Y [0

_s g 0 0 0
<c(8e) <|mf|zw(o7T;Hl) + |msrim(o,T;Hl)) )12+ 8 (1Ve) 22 + elae) 2. ) ar
&R

T4
087 (AN m P g e /0 e (5) 2 ds

n

_ i—1 R

+ 8 (A0) % o511 I [ =0, c0512) Zl\mﬁj 2 Ak
=

n
, i—1 R
+cd lh‘me‘i“(o,raR;HZ) Z ’m}gf )‘%HIAT;_I
(6.32) J=1
S v ()12 AER L st N (A2 ALER
+48 ) [Ve'[1.AT)" +283 Y |Ae)[1.AT)
j=1 j=1
&R

n . T 8
#eo e T [ (In 6k + bt 0l + ) ) as
j=1 j—1

= 1+ (A1) + (A1) wy) + ey

S R
Y Ae) |i2Arf7

+48Y Ve |2 a1 R 128
& -

J
&R

n . T 8
reo e S [ (1m0t it 0l + ) ) as

J Jj—1

where
5 1
E[n] < c¢ 3E [\eéo)ﬁz} ’ +cE {]Veéo)@z +£|Ae£lo)|iz} At
5
< ng_§h2|m0|]?_ﬂl + At (|Vm0|12H11 +82|Am0|§ﬁl)
_3,.92 2
< o€ 3 (h™ 4 Ar) moligs,
and

E[max <">}< - E[ <">]< -% E[ <">]<
Vo, | S € maxl//2b < € max @, S € 3.

n<N

Estimate /5.

= (m = (s) Prell”) (I VP nf) = (5)), Pref)”)
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<|m S 12<m§/> =t (5)).Pief)")
() e ()l D — (255 (5), Pref]) — €
< mh (mgzj - ml(j)) - 62])>m8 (S)’ eéJ) >]L2
R ()
+ (! (5),mF (257 = m# () (s), Pref”)
()
=) +1) +1§3 +15) + 1.
We first estimate 13(£).
Iéfl) = <m8(T;’R) —m®(s) — eEZJ) ,Phegl])>]L2
1

3 ,
|m£(s) 7ms(rj‘§,R)‘i2 + 5‘621”2

IN
—_ l\)\»—l\J\

L2

S,R o |2

‘éa O‘TsAR];]Lz)hj “ 7|eh |H2_ga

IN

5 G OTsR]Lz)(At)ZO‘T+ Z|eh 7.AT5F.
/ 1

)
Z/' L) ds< -
&R
j=1"7%-1
For 13(£), since H' < L8 — L4,
. ) ‘ ) )
I?E;;) _ <|m,] )fz(ms(T;'R) — m(s) —e(J)),Phe;(,J)>L2
N .
= —(ImiOPe ey (P (57 = () el

<|mlj 1)‘2(171,(1]) m (S)) Pheg,]) eglj)>]Lz

S—/ |m(j*1)|2|e(j)|2 dx
+5/ mU VP12 dx 8™ /|m D 2] (25) — e (5)|2 dx

7

—|—|mh |L8|mh —m (s)‘L2|Pheh _eh |IL4

~(1-8) /D VRl 1P dx+ 87 my T R (25F) — mP (s)[2.
™V (Im e+ (5) iz ) 1Py e}
s 200

ji—1 j - ji—1
—~(1=8) [ ] DPlef) P dx-t 8 gl B oz 17 -

i—1 j R
+ehlm (|m§,])\w+|m£(8)\w) (55 g
n ‘L'f’R ) ) R
Z/SAR Ly ds < — Z/ ]m ]eh |* dx At
j=17Ti21
R
+C6 l|m ‘Ca OTSR] Hl At <Z|m )|%H1AT/£1>
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n

+ch (Iflg’f |ml(1])|]L2 + ’mg\Lw(o,T;L2)> M| (0,728 112) Z 'AT

By the property of P, and continuous embeddings H? < L> and H' — LL*,

1D = (7 m (5) ™D = (255 ), Prel) —ef))

D (1) Lo Prey)) — e |1

ji—1 R
< chlm® (s) g (I’ B+ ¥ o ) ) I (255

< |8 (s) e m ™Y 4 8 (5) o m))

ER

J R
Z/ R 3C dS<Ch|m |L°° OTHI |m ’L“(OTSRHz Z |m )’HZ_]I]AT;S_I

- j=1

&R
+ch <|m£|gw(07T;H1) +/0 Im® (s) |22 ds) :

Next, for 13((]2, we have
1) = (™D 4 (5), (™" =) = ey (5), ")
<<m£lj 1 m}lj 1)—m,(lj)>m‘9(s),eé"-)>ﬂdz—i—<<m (s), mglj 1)—m,(lj)>m‘€(s),e'-
_ <<m}(1./71) +m£(s),e,(1j)>m£(s),e§lj)>w
ss/D\mgf“HZ\e;j)Pdx+c5—1/Dym,gf“)—mgf>|2\m8(s)|2dx
=2 | (5) Bl s
—/< Elj b eij)><m£(s),e§lj)> dx—/D<m£(s),e§lj)>2 dx
<5/\m 21V dx+ 6 |m (s) Balm ™) — D2,
g = o e (5) el
_/I)\k<m§’j 1),62j)>ﬁ<m8(s),e§lj)> dx—/D<m8(s),e§lj)>2 dx
<8 mE(s)3- ’mJ 1) méj)liz
+ 8l 48 = lm (s) [
+<i+5>/})|m,(1j_l)]2|e£lj)2dx
< 8lel) 122+ 8Vel ot c8 mf " —mi)) s (jm® (5) s + m () )

1 - .
+<4+5>/D|m§lj )]2|e£lj)\2dx

- 5" G ! ; n .
Z /,;e; 13({1) ds<$é Z |€£J)|E2‘2AT;’R +6 Z |Ve§lJ)|i2AT]g,R
e = J=1
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2 c ()
—1 |4 €
+cd <|m |1=(0.7:5m) + Im |L°°(077:S»R;H2)> Y I —m VR | A
=

( +5> Z/ |m | |eh dxAT;:’R

where the last term on the right-hand side can be absorbed by its negative counterpart in 13(i) for & < Alf.
7
e 9

10 = (™) - (), (25 ) = m () (5), ).

_ 1
! mE(5) Ea+ 5l 2

Finally, for 13( we have

SR)

+m®(s) |7 m* (7]

< 5 m () - ]

i1 R L
< elm® () & (mf/ ™" B + | () ) e (257) = m () B+ 5 lef 12

ER_S|206

i—1
< clm(5) e (i7" o+ () ) I o o |75 =% 4+ 5 el 2

SA

n n

i—1 R
Z/,R ) ds < clmf 2, (0zeray (A [Fpo en ) (Z\mij Az’ + | ’ILNOTIHP)T)
: ]7

L ()2 A er
+§Z|eh ’]LZATj7 .
j=1

Hence, for é < % and o < %, we have

o % / Vi< 24) I a8 Ve aac o (e ol
= Jj=1
where
(n) | | + 5 1| 8| n )|2 AT&,R
Y3~ = Clmjca (o ger)2) TCO 1M a0, ze k] Z, mAT -1

Fed! (’mgli“(O,T;Hl) + ‘ms‘l%”(O,rva;Hz)) (Z ’mé _mh ’]L2> (At)liza
=1

n
(6.34) +C|m£|é“([0,7:5-R];H1)|m8’i°°(0,r€»R;H2) (ZW; )’HlAT 1 +lm ’Lw(o,T;H1)>=
j=1

n
. i—1 R
= (max s+ Il 10l ) I esense 3

+c(|m Sorant | O ds>

By Theorem 2.5, we have

ol

(n) -3 (n) -3
E[max% }gcﬁ: 3, E[max% ]§C38 6.

n<N
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Estimate /,.
<(m8(s) *m](,ljfl)) X 8k, 8k X Pheglj)>1[‘2
<(m8(S) *me(fj,R)) X g+ (mglj) 7m£j71)) s x Phe,(f)>w
) <e§lf) X 8k 8k X e,(lj) + 8k X (Phe;(l]) - e(J)> >]L2
5 i i—1 7
< elgilB- (1m P cemany s — 7 P4 ) —mll VR i (25,

+clgrlP-le 2,

&R
n. o 7 . n . % . .
Y Y [ ) ds<e )l Baac® a2y +hol,
j=1k=1"7T;21 j=1
where
n - j i—1 _
v =c <‘m8|é“([0,r€*R];L2) L /) =~V () 2°’> :
j:
(pin) = C‘mg‘i&(QT&R;Hl))
and

E {mgg (llfi") + <P§"))} <.

Estimate fs.

L L2
ek ,
_|_/J P (J 1)7 € o (-1 x dW
h (el 0 () =) xaw s)),
g
Then,
7R .
. <Ph (em—eﬁf”),/e; ( s(s)—m(Jl))xdW(s)>
Tl L2
g‘R 2
<)o) e | +es! / (mE(s) —mY ™y xcaw(s)|
T L2
and
n n &R 2
E |max 215(2) <E [m<agl<z (5e,(f)e,(fl)i2 +c87! /SJR (ms(s)—mgl’_l)) x dW (s) )]
= S| b L2
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N ) N &k . 2
<6E [Z|e,(l])—e,(l]_l)\iz +c57'E | )] /S]R (ms(s)—mij_l)) X dW (s) ,
j=1 j=1177%2 L2
where
N rf"R (-1) 2
E|lY /SR( £(5) —m ) x aw (s)
j=11"%"% L2
_E|Y /t’ mE (s) —m\ "V 2,1(; < t6R) ds
= hoo et s
j=171j-1
- (=12 e.R o[ € €( &R\ |2 &,R
<2 | Y eV V(5 < t5R)Ar | + 2 Z/j m(s) —me (2R ) 2,1 (1) < 7°R) ds
=1 j=171j1
- (=112 A &R 2 2
<2F -le 2.A7¢ +2E[ymf\ca(wkw)(Az) “T}.
]:
Note that

and with the assumption (1.4),

oo . i1 2 i P
Y (Pie ™V () = m V) x ) <ele! ™V Ea mf(5) —mi VR
k=1

By Burkholder-Davis-Gundy inequality,

B 1
no T N . . 2
E|sup|) I,|| <cE / Y ]lse[ﬁR.Tgﬁk)]egf_l)]ﬂ%z |m®(s) —mfzj_l)\iz ds
n<N|j=1 0 j=1 J=107
- . f
< cE |max|e!/ V|2 /TZJL er e [mE(s) —mY V2, ds
> <N | h L o & s€[T;5,7,7) h L
_ (=12 1 e (G-1)2
J— — € _ -
<6k [rjngaﬁ\eh L2:| +c0'E /0 ,_; ]llve[rnglel’rjg,R)‘m (s)—m;” i ds|,
where

'y (=1)2
E| [0 Y Ln oo m(s) =" ds

T N
/0 Y T, o |mE () —m (252, ds | + 2

J

R (=12
-
/O ]; ]lse[r‘?;’?l,rf"e)‘eh > ds
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Al T;?YR eR\ |2 Al (j-1)2 £.R
_IE Z/T i (s) —m® (25K ) 2, ds Y [ef V2 Ac%
Jj=177%j-1 J=1

& G- R
Z |€h] |i2AT;7 .

J=1

+2E

<2E [|m€’%a([o,rs-R];L2) (Af)zaT] +2E

Hence, we have

E +5E

< 0)
Z‘eh _eh ‘]LZ

J=1

+c67! <

N
. .
;@J)ieé} )|iz
J:
N

i—1 R
Y ley "V 2.tk

J=1

< 6E

max
<N

=)
I
j;s

)

N
Z ’el LzAT

+E [|m£ ’éa([o,TE-R};ILz) (Af)zaT} )
(6.35)

(=12
< JOE +6E [I,ng\)/( le,; |L2}

+C55_1E +C58_%(Al‘)2a

For a sufficiently small & such that 1 =78 >0 and 1 -6 — 283 > 0, we deduce from the equation
(6.26) and the estimates (6.28) — (6.33) that

1 @ 1 i
S+ (5-8) 1 -V
=1

n B n .
+(1-78) Y Ve PoAts R 1 e(1-8-255) Y A .att"
j=1 j=1

1 4 n a n n n n n n
< E\e,(zo)\iz +m2 +hz (p,-( )+ ((At) 2 l"’l(u) + (At)alllz(b) + (Ar)*® (wl(b) + sz(a) + 1113( )+ l//i )>>
+c67%¢ 3Z|eh \LZ/IR
Jj= Tj-1
+ |y 1
j=1

Taking the maximum over n and the expectation,

1 n 1 Al
(38 magle ot (3-28) L e i '“]

&) R
E Y lAe’ |i2Aff’

Jj=1

R

8 n .
(1 0%+ ) 61 ) (e 8) 3 el o™

Jj=1

E

R
+(1-78)E Z Vel |]L2Afs

J=

1
< (2 +5 +cs61Ar> E e} 2] +E[m]

+e(1—8—28%)E
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o
+ (h + (A1) 7) E
3 € % € 2
I [ (1 L ) a
Z ‘e}(Z])ﬁzAT; ]
Z max\eh |L2] At,

where the constant ¢ may depend on Cy,C,, T, 0 but not on € and R. Then by Gronwall’s lemma,

(n)

4
(n) ) ) () () )
Zrygagrpi + (wla

iy vl vl vl v +C48§)]

+c67eE

+(c+8+cs6 HE

<c <h+ (Azﬁ) 5 e RE

7 o _B
E |:I;l<a1$](|€£ll)|i2:| <c (h—i— (Ar) 2) 5 +ce °RUE [Z max|eh |L2] At
(h+(Ar)%) g5 e R

Therefore,

N
E m<ajzl(‘€;(1”)‘iz+z’Vel(ln)‘izAT;vR] <h+(AZ‘)%> *]31 <1+ec£ 3R8 1 e3R8 Rs)
n=

n=1

<c <h+ (At)%> e~ T RBee R,

for a constant c that is independent of /,Ar, € and R.

37

6.2. Proof of Theorem 4.3. Fix R. Recall that ") = m(tR) —m\". The equation of e\ is similar to

n

(3.17) with € = 0 and m in place of m®. We obtain

2z () <), a

ATR
L2 At

+ § <Phe,(1”), (m(s) —min_1)> X dW(s)>

. < T ;
= [, (A7) s+ Y [ s,
k=1 n—1



38 BEN GOLDYS, CHUNXI JIAO, AND KIM-NGAN LE

The estimates of Ji,J3,J4 and J5 are identical to that of I},13,14 and Is in the proof of Theorem 3.3,
respectively. The estimate of J; is also similar to that of I»:

I = ((m(efy) =m(s)) x Vm(s), VPiel") |+ (mi ™" x (Vim(ef) = Vm(s)) ,VRiel)") |

<e,(J D x Vm(s VPh€£)>]L2 <m§l )XVegl),VPhe,g)>L2
i)

Sy A Iy ey )

where Jy,,Jp, and Jp, are estimated in the same way as I,, I, and 4 in the proof of Theorem 3.3.
For Jp., we only require H'-norm of the error:

K == (e« Vm,vhe!) |
< et/ Vi Vmlp2|Vel |2
1)L 1), L i1 ,
s(\e,ﬁf Vel D, 4 [e nu) Vel |12 [Vl

i1 1) 1 .
< clef/ ™ (Vi +[VmfEs) + 53196/ L Vel + 2 81Vl

< cle ™ B ((Vmlta+ [Vmf.) + 8 (19 VR, + Vel 1),

n R n

T ds < 8|Vel O, +5 Y Vel |2,Ack
Z’er 2c 45 =01V, 2 Zeh]sz
J=1%

=

n ) TR
syl R [ (9mfE Vo)) ds.
j=1

j—1

The rest of the arguments follow similarly. Using the H'-stopping time and Gronwall’s lemma, we
deduce

N
(m))2 (n)12 AR x 'R
E [I,%wehn I +n§,l|vehn |L2Afn] <ce" T (h+(Ar)%),

for some constant ¢* > 0 independent of R. We write ¢ instead of ¢ for the constant in (4.21). Without
loss of generality, assume that ¢* > ¢'. Then fix ¢, 8 € (0, 1) and choose

:R(h,At):< Bln(h+(At) )>i.

We obtain

N
P (@ym(m —m B+ Y [Vm(t,) — V" 2 Ar > y(h+ <Az>°‘>1—ﬁ)

n=1

g]P’<m<a&<|m(T )—m"| 1L2+Z IVin(2R) — Vil 2, ATR > y(h+ (A1) )1—ﬁ> +P(eR < T)
n= =1

<y h+ (AP L *(R(h, A1) ! — 0,
as h,At — 0.
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APPENDIX A.

We quote the existence, uniqueness and regularity results from [2, Theorems 2.2 and 2.3] in the
following theorems.

Theorem A.1. Let d = 1,2. Assume |mg|lgn < Ci for a certain C; > 0. Then there exists a weak
martingale solution (Q, F,F,P,W,m) of (1.1) such that

(i) for every p € [1,00), € (0, 3),
m € LP(Q;L™(0,T;H")NL*(0,T;H?)),

q P
E [’m|Ww(o,T;L2) + |m‘L°°(O,T;H1)mLZ(O,T;HZ)} <6

E K/OT Im(1) x Am(1)|1, dt> p] <e,

where c is a positive constant depending on p,Cy and g;

and for every q € [1, %),

(ii) the following equality holds in .*:

m(t) =m(0) + x; /OtAm(s) ds+7/0tm(s) x Am(s) ds — K'z/ot(l + plmP)m(s) ds

(A.36) o

+) /0 (ym(s) x g+ Kigx) 0 dWi(s);
k=1

(iii) for every & € [0,1) and B € [0, 1],
m e C%([0,T);L2)NCP([0,T];L2)NC([0,T; HL), P-as.

where C([0,T);H1) is the space of weakly (subscript w) continuous functions u : [0,T] — H!,
endowed with the weakest topology such that for any g € H', the mapping f : C([0,T];H.) —
C([0,T];R) given by f(u) = (u,g)yp is continuous.

Theorem A.2. Assume that (Q,F,F,P,W,m) and (Q,F,F,P,W,my) are two weak martingale so-
lutions to (A.36) such that fori = 1,2,

(i) m1(0) = my(0) = mo,
(ii) the paths of m; lie in L=(0,T;H') N L*(0, T; H?);
(iii) each m; satisfies (A.36).

Then, for P-a.e. ® € Q, m(-,0) = my (-, ®).
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