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Introduction

• Interested in ergodic properties of chaotic systems: invariant
measures, statistical limit laws, etc.
• Typically these quantities in general do not have explicit

solutions: numerics are needed.
• Accurate, fast, transparent numerics that capitalise on smooth

structure are important for extending understanding (c.f.
PDEs, non-chaotic ODEs. . . )

Goal: powerful numerics for smooth ergodic theory of a useful
subclass of chaotic systems.
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Chaotic maps

We consider maps of the interval f : [a, b] 	 with nice properties:
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• Countable partition ∪i∈IOi = [a, b],
f |Oi

bijections with inverses vi
• Regularity conditions

on distortion Di := log |v ′i |, either:
• sups≤r ,i∈I ‖D(r)

i ‖∞ ≤ ∞ for some r ;
• Di have unif. bounded analytic

extensions onto an open complex set

• Technical
requirement on placement of the Oi .
• Uniformly C-expanding. . .



Chaotic maps: Expansion condition

�1 0 1

x

�1

0

1

f
(x

)

0 ⇡/2 ⇡

✓

0

⇡/2

⇡

(c
os
�

1
�f
�c

o
s)

(✓
)

cos ✓ = x
<latexit sha1_base64="BejzOPVwecehezqfn45FhTzvpEE="></latexit><latexit sha1_base64="BejzOPVwecehezqfn45FhTzvpEE="></latexit><latexit sha1_base64="BejzOPVwecehezqfn45FhTzvpEE="></latexit><latexit sha1_base64="BejzOPVwecehezqfn45FhTzvpEE="></latexit>

Standard condition is uniformly expanding:

inf
x∈Oi ,i∈I

|f ′(x)| = γ > 1

We instead use C-uniformly expanding:

inf
x∈Oi ,i∈I

√
1− x2

1− f (x)2 |f
′(x)| = γ̌ > 1,

where domain [a, b] is rescaled to [−1, 1].
• ⇐⇒ cos−1 ◦f ◦ cos unif. expanding
• If f is uniformly expanding then some

f n is C-unif. exp. (typically n = 1)



Examples of maps
• Tupling maps on [0, 1], f (x) = kx mod 1 for k = 2, 3, . . .
• Continued fraction maps, e.g. Gauss map on [0, 1],

f (x) = x−1 mod 1, with change of variable y = 2x

• Standard test map for numerics: Lanford map on [0, 1],
f (x) = 2x + 1

2x(1− x) mod 1 (see Figure)
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Long-time statistical properties

These maps are chaotic with nice statistical properties. Two we are
interested in:
• Absolutely continuous invariant measures (acims) ρ:

1
N

N−1∑

n=0

A(f n(x0))
N→∞−−−−−−−→

Leb.-a.e. x0

∫ b

a
A ρ dx . (∗)

• Diffusion coefficients: CLT correction to (∗) with variance

σ2
f (A) =

∞∑

n=−∞

∫ b

a
A ◦ f |n|

(
A−

∫ b

a
A ρ dξ

)
dx ,

well-defined if A is of bounded variation.



Transfer operator

The transfer operator L : B 	 tracks the action of the map f on
signed measure densities in some Banach space B of smooth
functions: ∫ b

a
A ◦ f ϕ dx =

∫ b

a
ALϕ dx .

Has explicit formula for pointwise evaluation:

(Lϕ)(x) =
∑

i∈I
σiv
′
i (x)ϕ(vi (x)),

where vi are the inverses of f |Oi
, and σi = sign v ′i .



Transfer operator

Statistical quantities of interest can be expressed in terms of linear
algebraic properties of the transfer operator:
• Acim ρ satisfies {

Lρ = ρ,
S ρ = 1,

where Sϕ :=
∫ a
b ϕ dx .

• Diffusion coefficient σ2
f (A) satisfies

σ2
f (A) = S

[
A

∞∑

n=−∞
L|n|(ρA− ρS [ρA])

]

In general, no explicit solutions!



Galerkin method

Take a family of finite-rank projections Pn : B 	 which
asymptotically approximate the identity.
Pick large(ish) n:
• Compute the finite-dimensional operator Ln := PnLn|imPn .
• Substitute PnL|imPn for L in the problem of interest, e.g. for

acim PnLρn = ρn.
• Numerically solve to get estimate: e.g. ρn should approximate

true acim ρ.



Galerkin method

Example: Ulam’s method: Pn = L2 projection onto
piecewise constant functions over even partition of size n.

a b

x

ϕ(x)

(P5ϕ)(x)

If f is at least C 2,

‖ρn − ρ‖L2 = O(n−1 log n).

Ulam is a very “low order” method:
basis functions have low regularity, with
consequent slow convergence of solutions
(in low regularity spaces).
In theory of differential equations, etc.
highest-order methods typically use a “spectral” basis of smooth
functions.



Spectral basis 1: Cosine series
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Take an even C 1 function ϕ : R/2πZ→ R.
We can write

ϕ(θ) =
∞∑

k=0

ϕ̂k cos kθ,

where
ϕ̂k =

tk
π

∫ π

0
ϕ(θ) cos kθ dθ.

Standard result that

|ϕ̂k | = O(s(k)) :=





O(k−r ), ϕ ∈ C r

O(e−δk), ϕ bd. and analytic

on �
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We call s(·) the “spectral” rate of convergence.



Spectral basis 1: Cosine series
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Spectral basis 1: Cosine series

We can make the approximation

ϕ(θ) =
K−1∑

k=0

ϕ̂k cos kθ +O(K s(K )),

where
ϕ̂k =

tk
π

∫ π

0
ϕ(θ) cos kθ dθ.



Spectral basis 1: Cosine series

We can make the approximation

ϕ(θ) =
K−1∑

k=0

ϕ̂k cos kθ +O(Ks(K )),

where for k = 0, . . . ,K − 1,

ϕ̂k =
tk
K

K−1∑

j=0

ϕ(θj ,K ) cos kθj ,K +O(s(K )),

where θj ,K := 2j+1
2K π.

Can compute all K Fourier coefficients with O(K logK ) operations
using FFT algorithm.



Spectral basis 2: Chebyshev series
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We can approximate a function
ψ : [−1, 1] → R via cosine series theory
of ϕ = ψ ◦ cos.
The Chebyshev polynomials are, for
x ∈ [−1, 1],

Tk(x) = cos(k cos−1 x).

They are orthogonal with respect to the weight (1− x2)−1/2.
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Spectral basis 2: Chebyshev series

Take a C 1 function ψ : [−1, 1]→ R.
We can write

ψ(x) =
∞∑

k=0

ψ̌kTk(x),

where

ψ̌k =
tk
π

∫ 1

−1
ψ(x)Tk(x)

dx√
1− x2

.

Have

|ψ̌k | = O(s(k)) :=





O(k−r ), ψ ∈ C r

O(e−δk), ψ bd. and analytic on

eδ-Bernstein ellipse
C
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Spectral basis 2: Chebyshev series
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Spectral basis 2: Chebyshev series

We can make the approximation

ψ(x) =
K−1∑

k=0

ψ̌kTk(x) +O(K s(K )),

where

ψ̌k =
tk
π

∫ 1

−1
ψ(x)Tk(x)

dx√
1− x2

.



Spectral basis 2: Chebyshev series

We can make the approximation

ψ(x) =
K−1∑

k=0

ψ̌kTk(x) +O(K s(K )),

where

ψ̌k =
tk
K

K−1∑

j=0

ψ(xj ,K ) cos kxj ,K +O(s(K )),

where xj ,K := cos θj ,K = cos 2j+1
2K π are the Chebyshev points of the

first kind.
Can compute all K Chebyshev coefficients with O(K logK )
operations using FFT algorithm.



Transfer operator discretisation

Choose projection Pn to be projection onto first n Chebyshev
coefficients, i.e.

Pnψ =
n−1∑

k=0

ψ̌kTk .

Then, if ψ ∈ imPn,

PnLψ =
n−1∑

j=0

n−1∑

k=0

Ljk ψ̌kTj

where Ljk is the jth Chebyshev coefficient of LTk (computable!).



Discretisation error

The transfer operator sends oscillating functions to functions of
lower frequency:

LTk =
∑

i∈I
(σiv

′
i )× (Tk ◦ vi ).

Graphically,
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Discretisation error
“Heat map” of |Ljk |:
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Convergence: bounds on |Ljk |

Ljk =
tj
π

∫ 1

−1
(LTk)(x)Tj(x)

dx√
1− x2

=
tj
2π

∫ 2π

0
(LTk)(cos θ) cos jθ dθ

=
tj
2π

∑

i∈I

∫ 2π

0
σiv
′
i (cos θ)︸ ︷︷ ︸
hi (θ)

cos k (cos−1 vi (cos θ))︸ ︷︷ ︸
wi (θ)

cos jθ dθ

=
tj
2π

∑

i∈I

1
4

∑

±1,±2

∫ 2π

0
hi (θ)e i(±1kwi (θ)±2jθ)dθ

periodic integral nice oscillatory



Convergence: bounds on |Ljk |

Ljk =
tj
π

∫ 1

−1
(LTk)(x)Tj(x)

dx√
1− x2

=
tj
2π

∫ 2π

0
(LTk)(cos θ) cos jθ dθ

=
tj
2π

∑

i∈I

∫ 2π

0
σiv
′
i (cos θ)︸ ︷︷ ︸
hi (θ)

cos k (cos−1 vi (cos θ))︸ ︷︷ ︸
wi (θ)

cos jθ dθ

=
tj
2π

∑

i∈I

1
4

∑

±1,±2

∫ 2π

0
hi (θ)e i(±1kwi (θ)±2jθ)dθ

periodic integral nice oscillatory

hi can be general: could treat weights other than v ′i .



Convergence: bounds on |Ljk |
Let’s suppose that vi is analytic on a δ-Bernstein ellipse. Then
hi ,wi are analytic on a complex strip of half-width δ.
We can move the contour of integration by iδ:

∫ 2π

0
hi (θ)e i(kwi (θ)−jθ)dθ

=

∫ 2π

0
hi (θ + iδ)e ikwi (θ+iδ)−ij(θ+iδ)dθ

=

∫ 2π

0
hi (θ + iδ)e i(wi (θ)k−jδ)−δ(j−w ′i (θ)k)+kO(δ2)dθ

So
∣∣∣∣
∫ 2π

0
hi (θ)e i(kwi (θ)−jθ)dθ

∣∣∣∣ ≤ ‖hi (·+ iδ)‖1e−δ(j−γ̌−1k)+O(kδ2)



Convergence: bounds on |Ljk |
Theorem (W. ’19)
For all p > γ̌−1 there exists C such that

|Ljk | ≤ C min{1, s(j − pk)},

where s is the spectral convergence rate.
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Figure: Heat map of |Ljk | for the Lanford map



Solution operator

We will find estimates for acim, diffusion coefficient, etc. using
solution operator:

S = (id − L+ 1S )−1

resolvent of L rank 1 perturbation with left eig’f’n S

Has useful properties:
• S1 = ρ

• Sϕ =
∑∞

k=0 Lkϕ if
∫ 1
−1 ϕ dx = 0

• Hence σ2
f (A) = S [A (2S − id)(ρA− ρS [ρA])]



Convergence of estimates: operator error

The solution operator is a simple matrix function of L. We use
near-upper-triangularity of L in Chebyshev basis, computing with:

L̃n := L − (id−Pn)LPn =

0 n

0

n

PnL|imPn

For Banach space B (e.g. BV ) and ε < 1 depending on B, standard
relationships between norms and Chebyshev coefficients give

‖L̃n − L‖B =

∥∥∥∥∥

0 n

0

n

∥∥∥∥∥
B

= O(n1+ε s(n)).



Convergence of estimates: operator error

Then, since S is just an operator function of 1S (which is
upper-triangular) and L, if

S̃n := (id−L̃n + 1S )−1

then
‖S̃n − S‖B = O(n1+ε s(n)),

and by block-upper-triangularity we can compute
S̃n|imPn = (id−Ln + 1S |imPn)−1.

(NB: also possible to use bounds on |Ljk | for estimates in the style
of Keller and Liverani ’99.)



Computational complexity

101 102

n

10−12

10−9

10−6

10−3

‖ρ
n
−
ρ
‖ L

2

Lanford map estimates

Ulam
Cheby.

Complexity of spectral Galerkin method:
• n ×O(n log n)

for computation of PnL|imPn , plus
• O(n3) for matrix

inversion to get solution operator is
O(n3) complexity overall, vs O(n1+εs(n))
decay in error.

Method Error Complexity Error vs Cxty C

Ulam O(n−1 log n) O(n) O(C−1 logC )

Dynamical zeta O(e−kn
2
) |I |n O(e−k

′(log|I | C)2)

Chebyshev O(e−δn) O(n3) O(e−δ
′C1/3

)

Table: Comparison of error vs complexity for an analytic map



Poltergeist.jl

Software package written in Julia that uses adaptive-order
Chebyshev (and Fourier) Galerkin methods to compute statistical
properties.



Poltergeist.jl

More examples: https://github.com/wormell/Poltergeist.jl

https://github.com/wormell/Poltergeist.jl


Validated bounds

A dramatic example of validated bounds (Theorem 2.5, W. ’19):
(a) The Lanford map’s Lyapunov exponent Lexp :=

∫
Λ log |f ′| ρ dx

lies in the range

Lexp = 0.657 661 780 006 597 677 541 582 413 823 832 065 743 241 069

580 012 201 953 952 802 691 632 666 111 554 023 759 556 459

752 915 174 829 642 156 331 798 026 301 488 594 89 ± 2 × 10−128.

(b) The diffusion coefficient for the Lanford map with observable
A(x) = x2 lies in the range

σ2
f (A) = 0.360 109 486 199 160 672 898 824 186 828 576 749 241 669 997

797 228 864 358 977 865 838 174 403 103 617 477 981 402 783

211 083 646 769 039 410 848 031 999 960 664 7 ± 6 × 10−124.

These results were obtained in 9 hours on a research server (mostly
computing S, which is reusable).



Related results

• Slipantschuk and Bandtlow (’20): using Chebyshev
approximation of analytic expanding maps, eigendata
converges exponentiallly.
• Crimmins and Froyland (’19): statistical properties that are

functions of the transfer operator (e.g. large deviations) can
be estimated using transfer operator discretisations.



Application: Pomeau-Manneville systems
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Interested in statistical properties
of non-uniformly expanding maps
T : [0, 1] 	

Tx =

{
x(1 + 2αxα), x ≤ 1

2 ,

2x − 1, x > 1
2 ,

where α > 0.
For example, absolutely continuous
invariant measures: for α ≥ 1 this
is infinite ergodic theory.

• Lack of uniform expansion and
weak mixing properties makes numerics very challenging.
• Ulam-style methods very slow,

non-viable for α much greater
than 1.



Application: Pomeau-Manneville systems
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We approach via induced map
f : [1

2 , 1] 	:

f (x) := T τT (x)x .

This map is analytic and full-branch
uniformly-expanding: we can use
Chebyshev methods on it.

Theorem (W., forthcoming)
There exists a real-analytic function A : (0, 1]→ [0,∞) such that

f (x) = A−1(A(x) mod 1),



Application: Pomeau-Manneville systems

The transfer operator of f is

(Lf ϕ)(x) =
∞∑

n=0

A′(x)

2
ϕ(A−1(A(2x − 1) + n))

A′(A−1(A(2x − 1) + n))
.

Problem: the terms in the sum decay very slowly!
Solution: use smoothness. When ϕ = Tk (i.e. smooth), can use
Euler-Maclaurin formula to accurately evaluate (Lf ϕ)(x).



Application: Pomeau-Manneville systems
Effective estimates of statistical properties of both the induced map
and the full, non-uniformly expanding map, for a wide range of α:
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Figure: Acims of the full map with different normalisations. Pale colours
indicate estimates from binning on 108 simulations.



Application: Pomeau-Manneville systems

Very accurate validated bounds again possible.
For example, the expected return time to [1/2, 1] for α = 0.95 (a
near-singular case) lies in the range

Ef [τT ] = 14.073 323 220 001 939 529 241 549 699

610 756 609 803 3171± 10−43.



Application: Chaotic hypothesis
Joint work with Georg Gottwald

Chaotic hypothesis (Gallavotti-Cohen)
The macroscopic dynamics of a (high-dimensional) chaotic system
on its attractor can be regarded as a transitive hyperbolic
(“Anosov”) evolution.

• We derive a “thermodynamic” limiting system of a large
self-coupled ensemble of uniformly-expanding maps.
• We use Poltergeist to discover non-hyperbolic dynamics in the

limiting system.



Application: Chaotic hypothesis

Consider an ensemble of M � 1
microscopic constituents q(j) ∈ [−1, 1]
with uniformly expanding dynamics:

q
(j)
n+1 = ft;Φn(q

(j)
n ), j = 1, . . .M.

The mean-field

Φn =
1
M

∞∑

j=0

φ(q
(j)
n )

feeds back into the q(j).
External parameter t which regulates
the strength of the feedback.



Application: Chaotic hypothesis

Let µn(q) dq be the empirical measure of the q
(j)
n . Then:

• Dynamics can be formulated

µn+1 = Ft(µn) := Lt;
∫
φµn dqµn

where Lt;Φ is the transfer operator of ft;Φ.
• Mean-field observables (i.e. “macroscopic” dynamics) are

expectations over µn(q) dq;
• In “thermodynamic” limit M →∞ reasonable to take µ0 ∈ C 1

=⇒ can study dynamics with Chebyshev methods.



Application: Chaotic hypothesis

The following Poltergeist function iterates µn:

function F(mu, t)
Phi = sum(phi * mu) # ‘sum’ = total integral
f = fmap(t,Phi) # predefined initialiser
return transfer(f,mu)

end

For standard double-floating-point implementation this routine
evaluates in around 1 millisecond, accurate in norm to ≈ 10−13.

More details at tinyurl.com/pg-selfcoupled.

tinyurl.com/pg-selfcoupled


Application: Chaotic hypothesis

• For large t, macroscopic dynamics are chaotic, with
quasi-unimodal dynamics in Φn =

∫
φµn dq.

−0.050 −0.025 0.000 0.025 0.050 0.075∫
φµn−1 dq

−0.04

−0.02

0.00

0.02
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0.06

0.08

∫
φ
µ
n

d
q

Attractor t = 31, delay coordinates



Application: Chaotic hypothesis

Clearly see Henon/logistic-like orbit plot—indicating
non-hyperbolicity (W. and Gottwald, ’19)



Application: Chaotic hypothesis

Compare with simulations using large, finite M = 300,000:



Application: Chaotic hypothesis

Using Poltergeist, we have found direct evidence of
non-hyperbolicity in the limit system: a homoclinic tangency.

1116 S.V. Gonchenko et al. / Physica D 241 (2012) 1115–1122

resp., unstable multipliers of the saddle. It is shown in [11] that
if a two-dimensional diffeomorphism has a homoclinic tangency
to a saddle periodic point with σ < 1, then stable periodic orbits
are born at the bifurcations. Namely, in [11] main bifurcations of
periodic orbits were studied for one-parameter families of two-
dimensional diffeomorphisms such that at a certain parameter
value, µ0, there is a quadratic homoclinic tangency which unfolds
with a non-zero velocity as the parameter µ varies. It was shown,
in particular, that if σ < 1, then an infinite sequence (a ‘‘cascade’’)
of disjoint intervals of parameter values for which there exists a
stable periodic orbit converges to µ0. Later the result was called a
‘‘theorem on a cascade of periodic sinks’’.

The stable periodic orbits studied by Gavrilov and Shilnikov
are ‘‘single-round’’, i.e. they make only one round near the
orbit of homoclinic tangency before closing up. If we consider
more complicated stable periodic orbits, the multi-round ones,
then infinitely many of them may coexist. Namely, for a two-
dimensional diffeomorphism which has a quadratic homoclinic
tangency to a saddle with σ < 1, for any generic one-parameter
unfolding there exists a set B of parameter values for which the
system has an infinite set of coexistingmulti-round stable periodic
orbits. Moreover, this set is dense (and forms a residual subset) in
open intervals on the parameter axis [7,12]. This effect is called
the ‘‘Newhouse phenomenon’’.1 A popular conjecture [22] is that
this set B, while known to be residual, still has measure zero. This
conjecture cannot be true in full generality: for a dense set of one-
parameter families the set B has positive measure [23]. Still it
might happen that B has measure zero for a residual set of one-
parameter families, a progress in this direction see in [24].

For the multi-dimensional case, the existence of the cascade of
single-round sinkswas proven in [25], under conditions thatσ < 1
and that the unstable manifold of the saddle periodic point is one-
dimensional. It was, however, shown in [4,15] that the violation
of these conditions does not necessarily mean that stable periodic
orbits cannot be born. Indeed, even if we restrict ourselves to the
three-dimensional case and consider a homoclinic tangency to a
saddle periodic orbit O with one-dimensional unstable manifold,
then two completely different situations are possible in the case
σ > 1:
(i) the point O is a saddle, i.e. its multipliers are real;
(ii) the point O is a saddle-focus, i.e. it has multipliers λ1,2 = λe±iϕ ,
γ such that 0 < λ < 1 < |γ |, 0 < ϕ < π .

It was shown in [4,26,10] that in the case of a saddle with
σ > 1, generically2 no stable periodic orbits can exist in a small
neighborhood of the orbit of homoclinic tangency, neither for the
map itself, nor for any C1-close map.

1 The multidimensional version of the Newhouse phenomenon was proven
in [13,9,14]. Note that infinitelymanymore complicated attractorsmay also coexist
for different classes of systems from the Newhouse domain. Namely, there may
be infinitely many coexisting stable closed invariant curves (tori) [9,4,15,16,10],
Henon-like strange attractors [17], pseudohyperbolic wild Lorenz-like attractors
[9,18,19], and even hyperbolic (e.g. Plykin) attractors [20,21].
2 The corresponding conditions of general positions are given in [9] (the condi-

tions of a simple homoclinic tangency) and are analogous to the quasitransversality
conditions from [27]. These conditions guarantee [9,26] the existence of a smooth
two-dimensional invariant manifold which contains all orbits that stay in a small
neighborhood of the homoclinic tangency. For two-dimensional maps, the condi-
tion σ > 1 implies the expansion of areas near the homoclinic orbit, so it automat-
ically prohibits the emergence of stable periodic orbits on the invariant manifold
and, hence, in the whole neighborhood of the homoclinic tangency. The genericity
(simplicity) conditions, beyond the quadraticity of the tangency, require also that
(a) |λ1| ≠ |λ2| and (b) the so-called extended unstable manifold Wue(O) is trans-
verse to the leaves of the strong-stable foliation at the points of the homoclinic or-
bit, see more details in [9,4,26,10]. These conditions are important in the context of
this paper, as their violation can lead to the birth of stable periodic orbits even in
the case of a saddle with σ > 1 [28,29].

Fig. 1. An example of a homoclinic tangency to a saddle-focus (2,1).

However, in the case of saddle-focus, stable periodic orbits can
be born even if σ > 1 (one should then require λ2|γ | < 1, the
volume-contraction condition). The main bifurcations that lead to
the birth of stable periodic points near the homoclinic tangency in
this case were studied in [15,10]. Importantly, one needs at least
two parameters in order to study these bifurcations even if only
single-round periodic orbits are considered. In particular, for the
one-parameter unfolding of a homoclinic tangency to a saddle-
focus with σ > 1 the cascade of single-round sinks appears with
‘‘probability zero’’ only (see a discussion in [15,10]). In otherwords,
when we have a chaotic behavior associated with a homoclinic
tangency to a saddle-focus, transition from σ < 1 to σ > 1 does
not destroy the sinks but makes them ‘‘invisible’’.

In this paper we analyze this effect in great detail. Namely,
we show that crossing the boundary σ = 1 leads to a dramatic
transformation of the bifurcation diagram, especially in the part
which corresponds to the bifurcations of single-round stable
periodic orbits. One can get the idea of the structure of the
bifurcation diagram from Figs. 2–5, the exact statements are given
by Theorems 1 and 2.

2. Statement of the problem and main results

Consider a smooth three-parameter family of Cr -smooth, r ≥ 3,
diffeomorphisms fν of anm-dimensionalmanifold,m ≥ 3. Herewe
denote the vector of control parameters as ν = (µ, σ ,ϕ), where
µ varies in a small neighborhood of zero, and ϕ and σ run some
compact intervals in (0, π) and R \ 0, respectively. We assume the
following conditions are satisfied.

A. For all ν, the diffeomorphism fν has a periodic point O with
multipliers γ , λ1, . . . , λm−1 such that maxi≥3 |λi| < |λ2| =
|λ1| = λ < 1 < |γ |. The stable leading multipliers λ1,2 form a
complex conjugate pair, such that λ1,2 = λe±iϕ and λγ = σ ,
i.e. the control parameter σ is chosen such that its absolute
value equals the saddle value of O and the parameter ϕ is the
argument of the complex leading eigenvalues of O.

B. λ2|γ | < 1 for all ν under consideration.
C. The interior of the range of variation of σ includes the value

σ0 = 1 (in the case γ > 0) or σ0 = −1 (if γ < 0).
D. At µ = 0 the stable Ws and unstable Wu invariant manifolds

of the point O have a quadratic tangency at the points of a
homoclinic orbitΓ (see Fig. 1). Asµ changes, the tangency splits
with non-zero velocity. In other words, the control parameter
µ measures the distance between the manifolds Ws(Oν) and
Wu(Oν) near one of the points of the former homoclinic orbit
Γ (for an exact definition see in Section 3).

Condition A implies that dimWu(O) = 1, dimWs(O) = m − 1,
and that among the stable multipliers λi (which correspond to the
eigendirections tangent to Ws(O)) those largest in the absolute

(Gonchenko et al, ’12)



Application: Chaotic hypothesis

For 30 ≤ t ≤ 31 there is a fixed point µ∗t = Ft(µ
∗
t ) with∫

φµ∗t dq ≈ 0.05.
At this fixed point, the Jacobian Jµ∗t Ft has a single unstable
eigenvalue λt ∼ −1.6 with (normalised) eigenfunction vt .
The unstable manifold W u

t is locally parametrised

W u
t (a) = µ∗t + vta +

1
2
hta

2 +O(a3),

with
W u

t (λta) = Ft(W
u
t (a)).

(Thus, {W u
t (λmt a) : m ∈ Z} is an orbit originating from µ∗t .)



Application: Chaotic hypothesis

For a homoclinic, we need the orbit to return to µ∗t :

lim
m→∞

W u
t (λmt a)− µ∗t = 0 (1)

Along the stable manifold, the unstable vector at W u
t (a) is given by

vt,a ∝
d
da

W u
t (a) = vt + hta +O(a2).

For a stable-unstable tangency vt,a must also be a stable vector, i.e.

lim
m→∞

JFm
t
W u

t (a)[vt,a] = 0. (2)

Thus, a homoclinic tangency can be found by searching for (a, t)
such that (1-2) both hold. We can do this quite efficiently with
Poltergeist (as yet no theorems).



Application: Chaotic hypothesis
Using Poltergeist the following homoclinic tangency was found at
t = 30.0618314:



Application: Chaotic hypothesis
Error probably of order ∼ 10−8:

−20 0 20 40

m

10−8

10−4

100

104

108

‖Fmt Wu
t (a0)− µ∗t ‖H1

‖JWu
t (a0)F

m
t vt,a0‖H1



Conclusion

Chebyshev Galerkin transfer operator methods for chaotic systems:
• Harness smooth structure of the problem
• Are very efficient and very accurate
• Can be harnessed profitably for study of more complex

phenomena in chaotic dynamics.


